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proceedings of the Two-Day National Seminar on “Recent Trends in Applied Mathematics and
Computational Techniques for Emerging Technologies” held on 19th and 20th February, 2026.
The theme of this seminar is to explore the transformative role of Applied Mathematics and
Computational Techniques in addressing contemporary scientific, engineering, industrial, and
technological challenges, while fostering innovation for emerging technologies and sustainable
development.

This seminar provided a dynamic academic platform for scholars, researchers,
academicians, policymakers, development practitioners, industry experts, and students to
exchange ideas, present cutting-edge research findings, discuss innovative methodologies, and
explore interdisciplinary applications of mathematical and computational sciences in emerging
technological domains. The deliberations highlighted the growing significance of mathematical
modeling, data analytics, artificial intelligence, machine learning, optimization techniques,
scientific computing, and computational intelligence in shaping the future of technology-driven
societies.

As Editors-in-Chief, we extend our heartfelt gratitude to all the authors for their
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committee, reviewers, session chairs, and volunteers whose dedication ensured the academic
excellence of this seminar. Our special thanks are due to the keynote speakers and distinguished
delegates whose insights enriched our discussions and inspired meaningful academic
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The papers included in this volume reflect the diversity, depth, and relevance of
contemporary research in Applied Mathematics and Computational Techniques. They offer
significant theoretical perspectives, innovative computational approaches, and practical
solutions to complex problems arising in emerging technologies and interdisciplinary fields.

We are confident that this publication will serve as a significant academic resource for
researchers, policymakers, development agencies, industry professionals, educators, and
students interested in Applied Mathematics, Computational Sciences, Artificial Intelligence,
Data Science, Mathematical Modeling, Optimization, Scientific Computing, and emerging
technology-driven research and innovation.

We hope that the knowledge shared through this seminar and its proceedings will stimulate
further research, encourage interdisciplinary collaboration, and contribute to the advancement
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ABSTRACT

The objective of this paper is to study the chemical reaction and radiation absorption effects on MHD free
convective flow past a inclined porous platewith pastan inclined plane. The governing equations
arereduced to asystem of non-linearordinarydifferential equations by applying perturbation technique and
are solved mathematically. The results of this study will be discussed for the effects of pertinent
parameters and will be shown graphically.

KeyWords: MHD, chemicalreaction, radiationabsorption, hallcurrent,Inclined plane

Introduction

The applications of hydromagnetic viscous incompressible flow in science and engineering, involving
heat and mass transfer under the influence of chemical reactions, are of great importance in many areas of
research and technology. These applications frequently occur in the petrochemical industry, power and
cooling systems, cooling of nuclear reactors, heat exchanger design, chemical vapour deposition on
surfaces, forest fire dynamics, geophysics, as well as magnetohydrodynamic power generation systems.
Chambre and Young [1] presented a study on first-order chemical reactions in the neighbourhood of a
horizontal plate. Das et al. [2] investigated the effect of first-order homogeneous chemical reactions on
the process of unsteady flow past a vertical plate with constant heat and mass transfer.
Muthucumarswamy and Ganesan [3] studied the effects of chemical reaction and injection on the flow
characteristics in the unsteady upward motion of an isothermal plate. Chamkha [4] investigated unsteady
convective heat and mass transfer past a semi-infinite porous moving plate with heat absorption.
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Hady et al. [5] studied the problem of free convection flow along a vertical wavy surface embedded in an
electrically conducting fluid-saturated porous medium in the presence of internal heat generation or
absorption effects. Hossain et al. [6] investigated natural convection flow along a vertical wavy surface
with uniform surface temperature in the presence of heat generation and absorption. Ibrahim and Makinde
[7] presented a mathematical model for a two-dimensional, steady, incompressible, electrically
conducting laminar free convection boundary layer flow of a continuously moving vertical porous plate in
a chemically reactive medium under the influence of a transverse magnetic field.

Shankar et al. [8] presented a numerical solution for radiation and mass transfer effects on unsteady MHD
free convective fluid flow embedded in a porous medium with heat generation or absorption, using the
Galerkin finite element method. Makinde and Olanrewaju [9] investigated unsteady mixed convection
with Soret and Dufour effects past a vertical porous plate moving through a binary mixture of a
chemically reacting fluid. Prakash et al. [10] investigated fluid flow with chemical reaction effects on
unsteady MHD mixed convective flow over a moving vertical porous plate.

The study of heat generation or absorption effects in moving fluids is important in view of several
physical problems, such as fluids undergoing exothermic or endothermic chemical reaction. Due to the
fast growth of electronic technology, effective cooling of electronic equipment hasbecome warranted
and coolingof electronic equipment ranges from individualtransistors to main frame computers and
from energysuppliersto telephone switch boards and thermal diffusion effect has been utilized for
isotopes separation in the mixture between gases with very light molecular weight (hydrogen and
helium) and medium molecular weight. Agarwal et al. [11] analyzed hall current effect on MHD free
convection flow with heat and mass transfer past a vertical porous plate. Balamurugan et al.
[12]analyzed the effects of chemical reaction, thermal radiation and radiation absorption on unsteady
double diffusive free convection flow of Kuvshinski fluid past a moving porous plate with heat
generation under the influence of a uniform transverse magnetic field. M. Obulesu and R. Siva Prasad
et.al [13] discussed about Hall Current Effects on MHD Convective Flow Past A Porous Plate with
Thermal Radiation, Chemical Reaction and Heat Generation /Absorption .The present analysis aims to
study the effects of chemical reaction and radiation absorptiononMHDfree convection flowpast
aninclinedplateundertheinfluenceofapplied transverse magnetic field normal to the flow. The problem is
governed by the system of coupled partial differential equations and employing a perturbation technique
the solutionsare obtained.

2.FormationoftheProblem:

Let us consider a problem of unsteady two-dimensional free convection and mass transfer flow of
anincompressibleviscousfluidpastaninfiniteinclinedplate. Thesuction Velocity v1=--U0 is considered
normal to the plate.The plate temperature is constant. A system of rectangular co-ordinates O (x1, yl1, z1)
is taken, such that yl = 0 on the plate and z1 axis is along its leading edge. All the fluid properties
considered constant except that the influenceof the densityvariation with temperature is considered. The
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influenceof the density variation in other terms of the momentum and the energy equation and the
variation of the expansion coefficient with temperature is considered negligible. Under the
usualBoussinesq’s approximation the flow is generated by the following set of equations.

(ov] ~/ [ey] ~=0(1)

[ou] ~7 [ot] ~+vA. [8u] A/ [8y] ~ =g (cos WB(TA- [T o] )+ g(cos y) BACAL ) (CH-
[C 0] A)+v (32 uM/(Ey ("2))-[ [6B 0] "2/p(1+m"2)) + vIKA(-1) Ju™ (2)

[aT] ~/ [at] ~+v~ [8T] A/ [oy] ~ = a [(6°2 TGy ("2 ) )] + R */(pe_p ) [CMN- [C o] ]
(3)

(ec] ~/ [ot] ~+v~ [oC) ~/ [oy] ~=D [(0°2 C™/(©y™( ['1] "2 )] +k(CN- [C o] ) (4)
Where, vl are the velocity components, T1,C1 are the temperature and concentration components and a is
the thermal conductivity.D is the concentration diffusivity, m is thehall currents parameter, K is chemical
reaction rate constant, R* is the coefficient of proportionality for the absorption radiation.

The corresponding boundary conditions are:
wi=0, TN= [T_w] ~, Ch= [C_w] ~',aty"=0
wN=0, TV= [T 0] A, CN= [C_oo] A, at yN—o0 (5)

Let us introduce the non-dimensional variables

u=uMU 0, t=("U 0’2, y=(y" U O)v, T=(TN- T_ooN)(T_wA-T oo™'), C = (C-
[C 0] MAC WN-C oo™')

K=K U_0"2)"V2,P_r=v/a., S_c=v/D ,M=( [6B] (0 )2v)/( [pU] 0%2),M_1=M/(1+m"2)

R=(VR™* (C_w-C_ooM))/(pe_p (T_wA-T och)U_0°2 ), N=(B" (C_w-C_oo™))/(B(T_w-T_oo™)
K r=kv/(U 0"2), G r=(vgBp(T_w"'-T_oo™))/(U_0"3) (6)

Where Pr is the Prandtl number,Gris the Grashof number, N is the buoyancy ratio, Sc is the Schmidt
number, M is the magnetic parameter, K is the permeability parameter, fis the thermal expansion
coefficient, B1 the concentration expansion coefficient, m is the hallcurrent parameter, Kr is the chemical
reaction parameter and R is the absorption of radiation parameter.
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Hence, usingtheabovenon-dimensionalquantities, theequations (2)-(4) inthenon-dimensional form can be
written as

ou/ot - ou/dy = G_r(T+NC) + (0”2 w)/(0y"*2 ) — [M_1+1/K] u (7)
O0T/ot - 0T/0y = 1/Pr (0”2 T)/(0y™2 ) + RC (8)

0C/ot - 0C/oy = 1/Sc (0”2 C)/(0y*2 ) + KrC (9)

The corresponding boundary conditions are

u=0, T=1, C=1, at y=0
u=0, T=0, C=0, at y— oo (10)

Solution of the Problem

In order to reduce the above system of partial differential equations to a system of ordinary differential
equations, the velocity, temperature, and concentration in the neighbourhood of the porous plate are
assumed in the following form:

u(y,t)=ul(y)e—nt,u(y,t)=u_0(y)e"{-nt},u(y,t)}=u0(y)e—nt, T(y,t)=TO0(y)e—nt, T(y,t)=T 0(y)e"{-
nt}, T(y,t)=T0(y)e—nt, C(y,t)=CO(y)e—nt.(11)C(y,t)=C_0(y)e"{-nt}. \tag{11}C(y,t)=CO(y)e—nt.(11)

Substituting equation (11) into equations (7) to (9), we obtain

u0"+u0"+n—(M1+1K)Ju0=—GrTO~GrNCO0,(12)u_0" +u_0' +\left[n - \left(M_1 +
\frac {1} {K}\right)\rightJu 0=-G r T 0-G rN C_0, \tag{12}u0"+u0+[n—(M1+K1)Ju0=—GrT0-Gr
NCO0,(12) TO"+Pr TO+Pr n TO=Pr R C0,(13)T 0"+ PA\,T_0'+ Pr\,n\,T_0 = -Pr\,R\,C_0, \tag{13}T0"
+PrT0+PrnT0=—PrRCO,(13) CO"+Sc CO+(n+Kr) Sc C0=0.(14)C_0" + Sc\,C_0'+ (n + Kr)\,Sc\,C_0 = 0.
\tag {14} CO"+ScCO"+(n+Kr)ScC0=0.(14)

The corresponding boundary conditions are

u0=0,T0=1,C0=1at y=0,u_0=0,\quad T 0= 1,\quad C_0 = 1 \qquad \text{at } y = 0,u0=0,T0=1,CO
=lat y=0, u0—0,T0—0,C0—0as y—oo.(15)u_0\to 0,\quad T_0 \to 0,\quad C_0 \to 0 \qquad \text{as } y
\to \infty. \tag{15}u0—0,T0—0,C0—0as y—.(15)

Solving equations (12) to (14) subject to the boundary conditions (15), the solutions are obtained as
u0=(S2+S3)e—aby—S2e—ady—S3e—aly,(16)u 0=(S 2+S 3)er{-a 6y} -S 2e"{-a 4y}-S 3er{-a 2
v}, \tag {16} u0=(S2+S3)e—aby—S2e—ady—S3e—aly,(16) TO=e—ady+S1(e—a2y—e—ady),(17)T 0 =e"{-a 4
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y} + S 1\left(e{-a 2y} - e"{-a_4 y}\right), \tag{17} TO=e—ady+S1(e—a2y—e—ady),(17)
CO=c—a2y.(18)C 0=e"{-a 2 y}. \tag{18}CO=e—a2y.(18)

3.Result and Discussion:

In order to get a physical insight into the problem, some numerical computations are carried out for the
non-dimensional velocity u, temperature T and Concentration C in termsof the physical parameters Pr, Sc,
M, k, R, Kr and m respectively. We have chosen Pr = 0.71 (air), Sc =.6, n = 0.1, t = 0.1 while the
othernon-dimensional parameterstake various values. Figure 1 presents the effect of magnetic parameter
M on velocity profiles. It is noticed that increasing the magnetic parameter slows down flow velocity.This
is because, as M increases, it induces a damping effect on the velocity profile by creating a drag force that
opposes the fluid motion, causing the velocity to decrease. Figure 2.shows that a rise in the value of the
inclination angle means the flow needs to do more work to flow uphill, hence leading to a decline in the
flow velocity. The effect of Prandtl number Pr on the temperature distribution is shown in figure 3. This
figure shows that the temperature decreases with the increase of Prandtl number Pr. The reason is that
smaller values of Pr are equivalent to increasingthe thermal conductivitiesand therefore heat is able to
differ awayfrom theheated surfacemorerapidlythanforhighervaluesofPr. Hence, boundarylayer isthicker
and rate of heat transfer is reduced.The effect of absorption radiation parameter R on the temperature
distribution is shown in figure 4. It is noticed that the temperature decreases with an increase in
absorption radiation parameter. Figure 5 displays the effect of chemical reaction parameter
Krontheconcentrationdistri bution. It is seen that there is an over shoot in the concentration distribution for
higher values of chemical reaction parameter.The influence of Schmidt number Sc on concentration
distribution is plotted in figure 6. The concentration boundary layer thickness is drastically reduced as Sc
values are increased.

2 —M =0.2

—=M =0.4
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Conclusions:

In this paper we have studied chemical reaction and radiation absorption effects on MHD free
convective flow past an inclined plate. A perturbation technique is employed to solve the resulting
coupled partial differential equations. When angle of inclinationradiation absorption R and chemical
reaction parameter Kr are equal to zero, this problem reduces to the problem of Agarwal et al. [12]. It is
found that the velocitydecreases due to the effects of magnetic field parameter and radiation absorption
parameter.The temperature of the plate decreases while increasing the values of the Prandtl number and
radiation absorption parameter. The concentration increased due to increase in chemical reaction
parameter while it decreased due to increase in Schmidt number.
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Abstract

The model of current flow is set up to investigate the properties of mass and transmission of heat via a
viscous fluid traveling over a permeableradiatativeexpanded exterior model in a time-dependent bio-
convection slip pour. Along with emission and speed slip, the beginning of bio-thermal convection within
a suspended matter of nanoparticles and gyrotactic bacteria is considered. In this investigation R-K fourth
order shooting technique is utilised. Additionally, the combined impacts of the mass suction, heat source,
and aligned magnetic field on the boundary are included in the current model. The local concentration of
mobile microorganisms decreases as the stretching parameter and bio-convection Schmidt both
improve.The concentration @(n) gets stronger, and when Sc values increase, it decreases.The

concentration of microorganism h(ry)is strengthened by increasing angle B, but it is diminished by

increasing Pe, Sb and Sc, respectively.Even if the rate of temperature transmission (Vi) is maximal

for positive values of A relative to negative values, the friction drags (C,) are more powerful for

negative values of A than for positive values of A4 .

Keywords: Brownian motion , thermo phoresis.

(1) Introduction

Due to the microorganism’s stratification of varying densities, bio-convection occurs once they
have assembled in the liquid's highest portion. In this manner, microorganisms are produced by
bioconvection feathers and are transported from the fluid's uppermost region to its lowermost portion due
to a difference in density. Turbines, geophysical fluid dynamics, nuclear power plants, computer disc
drives, and gasses, MHD power plants, flow metersand other equipment all utilizing rotating flow disc
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magnetohydrodynamic liquidflow. Surfaces utilized in electrochemistry are coated with optical and
electrical materials using reactors for chemical vapour deposition featuring a revolving disc flow. These
effective reactors require laminar gas pour near the top for further deposition. The breakdown of the
laminar border linesheet, absolute instability, and straight spatial and chronologicaltimbre are all
investigated in this work. Mahmood et al.[1] deliberates the entropy creation phenomenon for a This
paper will provide a complete examination of 3-dimensional way of MHD stagnation point pour across a
stretched surface with nonlinear thermal radiation. The present study examines the Anisotropic slip
properties of carbon nanotubes in suspension will be investigated using a nanofluid. Hamza et al.[2]
illustrated the-time-dependent mixed convection flow in a vertical duct involving an heat releasing
liquidas influenced by MHD. Navier's slip conditions and convective heating arecarring into
account. Syed Tauseef et al.[3] deliberates the Buongiorno's model is employ to demonstrate the mass and
heat transport of a nanofluid waving in excess of a quickly moving flat shield. Since the results of
thermophoresis and Brownian motion on the volume fraction of nanoparticles are passively rather than
actively regulated at the boundary, this study differs from some of the earlier investigations. Tousiflqra et
al. [4] illustrates the ensuing temperary rotating gardget in boundarylevel layer flow caused by thelinear
convective instability for a forced axial flow in isotropic and anisotropic surface roughness with nanofluid
MHD. Saquib Ul Zaman et al. [5] described MHD and radiation attacts in the Williamson nanofluid wave
flow through a thin cylinder. Various assumptions about density,viscosity, , and thermal conductivity are
used to analyse the mass and heat transport. Xiyan Tian et al.[6] deliberates the unique qualities of
magnetohydrodynamic (MHD) micropolar fluid include lightness, heat, magnetic characteristics, and
more. It has a great deal of application. A micropolar fluid is used to explore the properties of mass,
heatand flow convert in an MHD micropolar nanofluid border linesheet beyond a exordinarye
xpandingshield. MunirahAali Alotaibi and Shreen El-Sapa [7] illustrated, the steady state pour of an
Constant density flow pairpressure liquid inside of analytically studying two spheres that are inside each
other. analysed un this paper. Translation proceeds at a constant speed outside the solid sphere and at a
uniform speed inside. Esraaet al.[8] deliberates the Industrial perspectives on the pour behaviour of non-
Newtonian liquids. Non-Newtonian liquids are necessary for a variety of Industrial along with technical
procedures along with making polymer pages producing paper and making photographic films.

Salahuddin [9] illustrated the incompressible, two-dimensional Williamson fluid magnetohydrodynamic
flow across a stretched sheet. Double Stratification and thickening due to friction are considered account
while analysing the Cattaneo-Christovwarmth and attentivenesspour. Chen et al.[10] discussed the
manipulate of the induced attractivemeadow (IMF) and Cattaneo-Christov duel diffusion on a Maxwell
ternary flow nanofluid flow at its stagnation point. Superior massand heat transport of Maxwell ternary
nanofluid mixed with duel dispersal and IMF is studied using aoriginalborder line constitution throughthe
obnormalattractive reactance. Felipe Angeles[11] illustrated the heat flux's objective Cattaneo-type
extension coupled to the space time equations of motion of a viscous compressible fluid. The quasilinear
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version of these equations is used to determine which of the provided heat flux formulations permits the
hyperbolicity of the system. For the Cauchy issue of such a framework of equations to be considered
physically acceptable, this property is required .Hussain et al. [12] deliberates the There are numerous
industrial and technological applications for bioconvection utilising nanomaterials. Modern nanofluids
provide a dynamic means of shedding light on industrial and engineering issues pertaining to heat
transport systems. Because mass remodelling and collaboration are becoming more commonplace in
various microsystems, bioconvection finds several uses in bio-micro-systems.The astonishing and
fascinating trend known as bioconvection is caused by the hydrodynamic instability of the microbes in the
medium, which causes the microorganisms to rotate and increase the fluid's density [13], [14], [15], [16],
[17].Nisar et al.[18] deliberates the MHD Considering gyrotactic bacteria, the bioconvection peristaltic
activity of Siskonanofluid is examined. Flexible conduitis subjected to partial slip characteristics.In their

discussion of the crown cavity's modified nanoliquid flow mediated by bioconvection (Cu—Al203-Ti0O2)
and H20.Rashid et al. [19] take into account the influence of gyrotactic microorganisms. A modified
nonliquid, oxytactic bacteria, and a square obstruction are present in the crown cavity where the
bioconvection flow is studied.Riaz Khan et al.[20] deliberates the A model of a porous radiative stretched
surface is used to study the concentration and temperature transmission via a viscous nanofluid in a Time-
dependent slip flow of bioconvection. The beginning of a suspension's bio-thermal convection include
radiation and velocity slip, as well as gyrotactic bacteria and nanoparticles. Rao et al. [21] deliberates the
Fluid velocity is deprecated by the porosity coefficient and Forchheimer numbers, while fluid temperature
is improved by the Eckert number and concentration decreases with increasing chemical reaction
coefficient. Faisal Shahet al. [22] Peristaltic transport of nanofluid with temperature dependent thermal
conductivity: a numerical study. Faisal Shahet al. [23] illustratesNon-similar analysis of the Cattaneo-
Christov model in MHD second-grade nanofluid flow with Soret and Dufour effects. Faisal Shahet al.
[24] illustrates Nonclassical Transport Laws in Third-Grade Nanoliquid Flow on a Stretchable Surface: A
Novel Approach Incorporating Soret and Dufour Effects. Faisal Shah et al. [25] describes Entropy
optimization in a fourth grade nanofluid flow over a stretchable Riga wall with thermal radiation and
viscous dissipation, International Communications in Heat and Mass Transfer.Faisal Shah et al. [26]
illustrates Modeling and computational analysis of 3D radiative stagnation point flow of Darcy-
Forchheimer subject to suction/injection, Computer Methods and Programs in Biomedicine.Faisal Shah et
al. [27] illustratesHeat transfer analysis on MHD flow over a stretchable Riga wall considering Entropy
generation rate: A numerical study.Faisal Shah et al. [28] describesAnalytical investigation on the
combined impacts of the Soret and Dufour phenomenon in the forced convective flow of a non-
Newtonian nanofluid by the movable Riga device. Faisal Shah et al. [29] illustratesNon-similar analysis
of two-phase hybrid nanofluid flow with Cattaneo-Christov heat flux model: a computational
study.M. [jaz Khan et al. [30] describes First order chemical reaction response in mixed convective
Falkner-SkanSutterby fluid with Cattaneo-Christov heat and mass flux model.The surface friction drag is
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found to be deprecated by the Weissenberg and Forchheimer values. The mass transfer rate is
significantly positively correlated with the Schmidt coefficent and chemical reaction.

Considering the aforementioned fascinating uses of microorganisms and Cattaneo-Chrystov heat flux, this
reviseobserves the mass and temperaturetransport analysis of a viscous liquid in an uneven state MHD
bio-convection trip sequence flow over a porous radiative stretching surface that is affected by both the
heat and mass suction.The study's primary goal, improving the thermal profile, is achieved by the use of
nanoparticles, while gyrotactic microorganisms produce bio-convection to enhance mass transfer. Using
MATLAB's bvp4c approach, the following nonlinear ODEs have been numerically solved. The current
unstable flow issue caused by radiation, porosity effects, convective mass and heat transfer, and velocity
slip is entirely new and has not been treated previously, according to the authors' literature survey. Also
taken into consideration is the possibility of aattractive behaviour meadow around the
temperatureresource, which improves the literature's accuracy. This fascinating breakthrough could be
applied to better heat transmission and the production of electro-conductive machinery. Graphic
representations of the results are provided for temperature, velocity, concentration of nanoparticles,
friction drag, rate of temperaturetransportation, local Sherwood coefficient, and thickness of motile
microbes.Engineering thermal processes and industrial settings involving heat transfer can benefit from
the theoretical understandings gathered from this study. The results that have been presented have
possible nodes in the fields of solar systems, temperature machines, energy generation, mechanized
procedure, and heating and cooling processes.
1. Mathematical Formulation

We study the time-dependent, viscous two-dimensional bio-convection slip flow across a
absorbent radiative extendedexterior at the origin (x = 0, y = 0), as exposed graphically in Figure
1.Theexordinary sheet is positioned close to the horizontal-axis, and the verticle-axis capturedat right
angles to the sheet. An intensity-dependent time-aligned attractive flux is

B(t)=

— about an acute angle /3 governs the electrically conductive nanofluid. Additionallythe

0
(1-€9)

surface and stream free velocities are thought to be shifting from a stagnation point, which is described as
ax

U (x,t ) = and U (x,t) = , where €, aandb are positive constants with the proportion of
! lI-et ¢ lI-et

ou
s illustrates the initial stretching and the stretching's effective rate. The term 8_ and

t'. The term

-V
v (x,t)=—0are independently altered to show the suction and slide velocities. The sheet's

Jl-€et
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9

radiative heat flux g, is taken into accountandcoefficient of internal heat generation Q, = ——

, Where

O, symbolises the heat source's initial value (heat generation coefficient). The governing constitutions of

the boundary layer flow have been determined as [20] after taking into account the previously described
circumstances.

w
ou
u=U_+L— —
w ay n - noo
ey L =1, -1)
o " u——U
C.T. e

oc
_DBg = hs(Cf -0)

igA Sch diagramme

u :y

) .,
u—+v—="—— - —————Zgin’ Bu, )

2
or _or or__k &T__ 1 &, 0,

oo ox oy (pCp), " (pCp), oy (pCp),

2 2
%+u§+v§:DM£+DTa—{—KC(C—Cw) 4)
ot ax oy oy oy
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on,  on  on___cW, g[ acj o’n

V—=- n—|+D,— (5
ot ox Oy C,-C, o\ oy oy

The plannedborder line constitutions for the above prototype are explained as [20].

ou oT oC
u=U,(x,t)+L—,v=V (x,t),~x—=h (T ~T),-D,—=h(C,-C),n=n,aty =0
y G "oy !

u—->U,(x,t),T >T,,C—>C_ ,n—>nasy — o (6)

Equations (2)—(6) above, K =k (1— €t) defines the permeability of a porous media, where k, denotes
the permeability The terms 44, 0,0, k, Cp , (IOCp )p , ('OCp )f ,D,,D,,D, ,W_caccordingly refers

to the maximum swimming cell speed, the ability of bacteria to diffuse, the viscosity of the fluid in which
the nanoparticles and microorganisms are suspended, density, detailedtemperature, temperaturecapability
of the nanoparticles,, thermal conductivity , electrical conductivity coefficient, and fluid heat

capacity.furthermore, 1 ,C with 77 symbolized the warmth, the attentiveness, with the density of
microorganisms, respectively. These 1 ,C, and n are illustrated away from the wall, they are
T ,C,,n_respectively. The velocity's slip factor is shown by L =A+/l—€t The surface has a
temperature of 7 because the third border linecircumstance, which as well specifies the

temperaturetransport coefficient /1., causes hot fluid to convectIf one ignores viscous dissipation, then

*
~160°T, oT o .
——— —.is produced when the Rosseland approximation is taken into account,

3" Oy

where 0 and k stand for the Stefan-Boltzmann stableas well as the mean amalgamation coefficient,

the term ¢, =

correspondingly.It is necessary to take into account the warmth differential in the pourinner in a way that

T N allows Taylor's series to be expanded 7 .

Leaving out the higher order words, we are attainment7* =~ 47T —3c T} ,Accordingly, we can get
_—160'T’ 0T

q, Vs E.Thus Eqn. (3) becomes
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or or or_ k oT 1 1606T; 0T, Q

u 2 + * 2 (T - Tw ) (7)
o ax  dy (pCp) rov. (pCp), 3k " (pCp),
The kindred foru, v, T, C , 1 are knownthrough
u:Uwz—ax ’v:sz V T _Too T—bx 2JCw=Coo+CO_ bx P
(1I-€1) N/ 2vf (1-€1) 2v,(l-€1)
nwznw+n0b—x u=U, = bx

2v,(1-et)’”’ © (I-—ep)

®)

Where a,b,€,1;,C,,n, are constants

We know the introduce different similarity variables are:

bx bx
«/(1_ xf(m),n = (1_ ,(1— 0 0(n),C=C,+C, m?’(ﬂ)a

n=n, +n0— h(n)

f (1_ )

©)

The velocity constitutions are given by

bx ., /
" e )f (),v (< )f (17) (10)

Considering the relationships between equations (9) and (10), (1)—(7) becomes

f"‘—(f')2+ﬁ‘"—A(gf"+f'j—%f'—M2sinzﬂf'zo (a1

(1+?Rdj@%Pr{f@'—f'@—g(n9'+49)+Q9} (12)
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Q"+ ScSro"+ Sc(fgo'—(/)f')—g(n(p# 4¢)=0 (13)

h"+ Sh( fh'— hf')—ng(nhUr 4h) — Pe(@'h'+ ho") =0 (14)

The following dimensionless boundary conditions can be created by transforming the boundary
conditions (6):

S0 =4 +4,/"0), £(0)=5,0'(0) ==Bi(1-6(0)),9'(0) = =Nd(1-p(0)), (15)

h(0)=1, f'(17) =1,6(17) = 0,(17) = 0, h(17) = Oasny — o

o,.B:
In the formulas above M? =L identifies the hatmann number,
bp,
bk Kk k(l—€e1). . S .
D=Da Re,=—L,Da, = —= 1(—2) illustrates darcy coefficient, 4 = — deliberates unsteadiness
v, X X b
. 40'T Qz ) .. . Ve .
coefficient, Rd = e deliberates the radiation coefficient, Pr=——signifies prandtl number, ,
(04
__ 9 o Y : _r
= signifies heat source parameter, Sc = similarly represents Schmidt number, Sb =
b(pc,) 5 D,
p
. . . . VV;Dm
represent bio convection schmidt coefficient, Pe= —*represents  the Peclet coeffient,
14
f

b
Vo J>— 0 symbolized the suction coefficient, 4, =— symbolized the expanding coefficient,
a

o v,

h. |v,
A, =L b signifies speedslide parameter, Bi = —‘/ﬂ {—/ symbolized Biot component, N, = ——,[—
v, k\NbD D, \'b

symbolized convection dispersalconstraint,
The researchers have defined the skin friction coefficient local Nusselt number Sherwood number and
local density number of moving microorganisms.
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Co—— o LSh:Sh:—;[GCJ
y=0

fr H x s x A
Ly 02 ki (T,=T.) (C,-C)\ o
2 (16)

e
B (Sl o) AN

where 7 deliberates local wall shear stress, g, is illustrate local temperature flux, g, is the mass flux

coefficient and g, is the microorganism coefficient flux, This can be shown as.

ou oT X oC
T, = | gy =~k =, (), Sh=— | =
w /’lay |y_0 q ay |y 0 (q ) (CW—COO){&)} Jy_o

e
B (S S NG

Utilising the unpredictable listed in Equations 9 as well as 10, system (16) as well as (17) together yield

(17

system (18), as shown below.

Cx=yRe,C,=1"0),

Nu 4
Nu, = — —(1+ 2 Rd)H(0),
u, Re. (+3 )0'(0)
Sh (18)
Sh. = - —4'(0),
ke
Nn =M _ o)

7]

C

2

In (18) Re =—"= represents the local Reynolds number
av,
J

2. Numerical Solution

In this partthe non-linear ordinary differential equations (11) to (14) with respectto the border
linecircumstances (15) is The problem was solved by using the R-K method with MATLAB software.
This process engages changing a border line value problem into anpreliminary value problem.
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f=v.f =yf =y

n 1 .
f = (y2)2 — V)3 +A(Ey3 +y2j+5y2 + M?*Sin? ﬂyz

(19)
0=y,.0 =y,
,. 1 A
O = | Py s =y =5 1y +4v) + O,
(1+—=Rd)
3
(20)
¢:ysa¢' =)V
.. ., A
¢ ==ScSr 0 —Sc(y,y; — Yey,) + By (7y; +4Y,)
1)

h:ygoh' =V
" A
h :_Sb(Y1y9 _ysyz)"‘ESb(ﬂy‘) +4y8) +Pe(y7y9 +y8¢)

The suitable boundary conditions are:
Vo =4+ A4y, =8,y =—Bi(l-y,),y,=—Nd(1-y,) at n —>0

(23)
»w=>Ly,=>Ly,=0,y,>0atn—>oo

To solve the equations (19)-(22) we have used the values of y,,y, and y, which are not given at the

initial conditions. So later finding the initial conditions are integrated by using R-K method with the
successive iterative step length is 0.01.
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Validation of results

To ensure the quality and dependability of the results, it is crucial to verify them in contrast to established
remedies or experimental findings once the bvp4c solver has converged. In order to increase trust within
the numerical solution and make sure it correctly depicts the physical system that is being investigated,
this validation step is essential. In Table 1, which compares the current work to Rao et al. [21], the
validation is displayed.

3. Results and Discussion

In this part, we've used the MATLAB built-in package bvp4c to provide the graphical outcomes
of constitutions 11-14 along with the boundary circumstances (15). The results obtained were verified by
contrasting them with the published findings of other publications in the books; the validation is displayed
in Table 1. Fig. 2 shows the result in response to the velocity profile's increase. The result is two graphs,
one showing the existence of the slip condition and the other not. An rise in A1 indicates greater stretching
along the x axis, which causes a rise in. Because the enlarge lessens the thick effect on the pour, the
momentum boundary layer's thickness diminishes and increases as a result. Fig. 3 discusses the effect of
the magnetic field's angle of inclination on demonstrating a diminishing effect. This is because a higher
angle of inclination results in a greater at right anglespower acting on the nanofluid pour, which in turn
lowers the swifiness. As seen in Fig. 4, an raises in the magnetic field constraint also results in a reduces
in fluid flow. It occurs as a result of developing Lorentz forces, which createconfrontation to the fluid's
speed. The injecting effect is indicated by the suction parameter's positive values. As seen in Fig. 5, the
nanofluid pours quicker and through an enhanced speed as a result of this inserting power in the way of
the pour. Furthermore, we can observe that the border thickness is lower for Figs. 2 and 5, but larger for
Figs. 3 and 4. In contrast, it is more in the lack of a slip situationas well as less in the occurrence of one.
As a result, when the velocity slip parameter rises, the flow resistance falls and increases, lowering the

skin friction coefficient The Biot number (Bi,),This is intimatelyconnected to the coefficient of

temperaturetransport,is the result of convective heat transfer. Therefore, as appears in Fig6, a go upin
also results in an uplifted in the coefficient of temperature transmission, which raises the warmth.Fig. 7
deliberates the collision of the Prandtl number on the activation. We recognised in the portrait that the
portraits are enhanced with the enhancing values of the Prandtl number. It is also recognised in this plot
that the portraits diminished with diminishing values of extending parameter. Figure 8 shows that when
the number of Peclets increases, the cells begin to move more quickly, increasing the density of the
material. As demonstrated in Fig. 9, the density of the microorganisms decreases dramatically when the
diffusivity is inversely related to the Schmidt coefficient.It has been discovered that when slip effects are
present, microbe concentrations are produced at greater levels but when they are absent, microorganism
concentrations are minimised. Results were obtained for values of both the same and opposite .The

pattern of for the optimistic outcomes of A = 2.5 is shown by the Red row, while the outline for the
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negative values of A = 2.5 is shown by the green line. It is evident from the two scenarios that is more
potent for negative values of .Furthermore, as can be observed in Figs. 10 loses power as improves .
Similarly, Nu correspondinglydecreases as well asgrows through the enhancement of as seen in Fig. 11.
The reason for this is that it lessens the gradient in surface temperature diminished and respectively,
improve, as seen in Fig 12. It is evident from the two scenarios that has greater power for A's negative
values than for its positive values. Additionally, when A is present, Nn is greater for the insignificant slip
effect and less for the strong slip effects ,negative, even if the positive values of A show the opposite

behaviour.
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Fig.8 Performance of Pe on £ (7)
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Table:1Comparison

of

skin

friction

coefficient

values

- £"(0) with  previous

results

Riaz Khan et al. [20] Rao et al.[21] Present
1 1.000102 1.000554
1.000000
2 1.522235 1.522729 1.570098
3 1.923655 1.923612 1.981134
4 2.260669 2.260783 2.312245

Table:2 Computed values for skin friction coefficient, Nusselt number and Sherwood number for a
variety of values of the important governing constraints

A |M |Rd|Pr |Q |[Sc |Sr Sb | Pe | A A, | Bi | Nd —f"(()) _g'(o) _¢v(0) —h'(O)
0.5 0.28825 | 0.12003 | 0.18205 | 0.16578
1 0.29950 | 0.12838 | 0.18305 | 0.16627
1.5 0.30012 | 0.15986 | 0.18330 | 0.16659
0.5 0.55478 | 0.11233 | 0.18386 | 0.16678
0.8 0.60807 | 0.10125 | 0.18386 | 0.16739
0.9 0.62814 | 0.09872 | 0.18386 | 0.16789
0.8 0.32224 | 0.05098 | 0.20508 | 0.16834

1.2 0.38148 | 0.10875 | 0.20508 | 0.16878

1.5 0.40108 | 0.15605 | 0.20509 | 0.16945

0.5 0.19375 | 0.10004 | 0.18365 | 0.16993

0.8 0.19375 | 0.09874 | 0.18365 | 0.17152

1.2 0.19375 | 0.08892 | 0.18366 | 0.17191

0.6 0.27375 | 0.15783 | 0.20243 | 0.17256

0.7 0.28375 | 0.16807 | 0.30156 | 0.17499

0.8 0.30001 | 0.18880 | 0.35128 | 0.17450
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0.5 0.63255 | 0.19307 | 0.57137 | 0.17890
1.0 0.63100 | 0.20001 | 0.57148 | 0.17999
1.5 0.63000 | 0.21506 | 0.58100 | 0.18000
0.09 0.28829 | 0.12138 | 0.18305 | 0.18123

0.5 0.28830 | 0.11003 | 0.17306 | 0.18231

1.0 0.28831 | 0.10004 | 0.15007 | 0.18351

1.0 0.62953 | 0.20043 | 0.54792 | 0.18456

1.5 0.61000 | 0.18894 | 0.55008 | 0.18798

2.0 0.60001 | 0.16800 | 0.58001 | 0.18859

0.5 0.64651 | 0.15792 | 0.59808 | 0.18899

0.9 0.64651 | 0.16892 | 0.51234 | 0.19150

1.5 0.64651 | 0.20081 | 0.50123 | 0.19289

0.7 0.65001 | 0.12001 | 0.18101 | 0.19354

0.9 0.65241 | 0.12003 | 0.18205 | 0.19547

1.2 0.65291 | 0.12838 | 0.18305 | 0.19678

1.5 0.30012 | 0.15986 | 0.18330 | 0.19764

1.9 0.55478 | 0.11233 | 0.18386 | 0.19837

2.0 0.60807 | 0.10125 | 0.18386 | 0.19894

2.0 0.62814 | 0.09872 | 0.18386 | 0.20001

23 0.32224 | 0.05098 | 0.20508 | 0.20453

2.5 0.38148 | 0.10875 | 0.20508 | 0.22364

0.2 | 0.40108 | 0.15605 | 0.20509 | 0.23462

0.5 10.19375 | 0.10004 | 0.18365 | 0.27863
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S O A Gl i

4. Conclusion

« The velocity f'(77) increases as A, and S accumulate, but it decreases as B and M scale up,

respectively.

*  Thef(n) shoot ups with the collective values of , Q as well asf respectively.
* The concentration ¢(n) gets stronger, and when Sc values increase, it decreases.

* The concentration of microorganism h(n)is strengthened by increasing angle B, but it is

diminished by increasing Pe, Sh and Sc, respectively.

+ Even if the rate of temperature transmission ( Nu ) is maximal for positive values of A relative to

negative values, the friction drags (C, ) are more powerful for negative values of A than for

positive values of 4 .
«  While Nn decreases with the development of A, and Sb, respectively, the Sherwood number Sh

is magnified by the improvement of both Nd and Sc.
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Nomenclature

A Unsteadiness coefficient
B(t) Time aligned attractive flux
Bi Biot Component

C Concentration

C fx Skinfriction number
C.,

Ambient concentration

C » Specific heat

D, Dax Darcy Coefficient

h ’ Heat transfer coefficient

Permability of porous media

Permability

&~ XX

Viscosity ship factor
Md  Convection diffusion parameter

M 2 Hartmann number

Nnx  Micro organism coefficient
Nux Nusselt number

Pe  Peclet number

Pr Prandtl number
gm  Mass flux

gn  Micro organism coefficient
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qw  Local heat flux

qr Rosseland approximate
Q heat source parameter
O,  heatsource initial value
Rd  Radiation coefficient
S Suction coefficient

Sb Schmidt coefficient
Sc Schmidt number

Shx  Shearwood number

t time

T Temperature

T Wall temperature

T,  Ambient temperature
U,V  Velocity components
U, (x, y) Stagnation point
V. (x) Slide velocity

We  Electric conductivity coefficient
Greek Symbols

p Acute angle

ﬂyl Stretching coefficient

ﬂz Velocity ship parameter

(o2 Thermal conductivity

o Stefan boltzman constant
K " Mean absorption coefficient

ou Heat source parameter
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ABSTRACT

The increasing complexity of academic administration demands systematic and quantitative approaches
for effective institutional planning and resource management. Problems such as faculty workload
distribution, timetable scheduling, and optimal utilization of academic infrastructure can be formulated as
constrained optimization problems within the framework of operations research. This paper presents a
mathematical approach to academic administration using optimization techniques to support efficient and
equitable decision-making.

The study models key administrative processes using linear programming, where decision variables
represent academic resources and activities, objective functions are designed to minimize workload
imbalance and resource inefficiency, and constraints reflect institutional policies, regulatory norms, and
operational limitations. Emphasis is placed on incorporating fairness and balance as measurable
parameters within the optimization framework, informed by long-term experience in academic leadership
and gender-conscious educational research.

A conceptual case illustration is provided to demonstrate the formulation of objective functions and
constraints for faculty workload allocation and timetable optimization. The results highlight how
optimization models enable transparent, data-driven planning and reduce administrative conflicts. The
paper further discusses the scope of integrating these mathematical models with emerging digital
academic management systems and computational decision-support tools.

The study concludes that the application of optimization techniques and operations research offers a
viable mathematical foundation for improving academic administration, promoting inclusive institutional
planning, and supporting sustainable development in higher education.
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1. Introduction

Higher education institutions today operate in an environment characterized by increasing student
enrolment, limited resources, regulatory constraints, and rising expectations for quality and inclusivity.
Academic administration plays a crucial role in balancing these competing demands through effective
planning, coordination, and resource allocation. Traditional administrative practices often rely on
experience-based decision-making, which, while valuable, may lead to inefficiencies, workload
imbalances, and suboptimal utilization of resources.

Operations Research (OR) and optimization techniques provide a scientific and mathematical approach to
decision-making by enabling administrators to model complex problems, evaluate alternatives, and arrive
at optimal solutions under given constraints. Originally developed for industrial and military applications,
OR techniques have gradually found relevance in service sectors, including education. The application of
mathematical optimization in academic administration offers opportunities to enhance transparency,
efficiency, and fairness in institutional planning.

This paper focuses on the application of optimization techniques and operations research to address key
administrative challenges in academic institutions. Drawing from long-term experience in educational
leadership and administration, the study emphasizes the importance of balancing efficiency with equity,
particularly in faculty workload distribution and institutional planning. By framing administrative
challenges as mathematical optimization problems, this work demonstrates how quantitative models can
support informed and inclusive decision-making in higher education.

2. Operations Research and Optimization Techniques

Operations Research is a multidisciplinary field that uses mathematical models, statistical tools, and
logical reasoning to support decision-making in complex situations. In simple terms, operations research
helps decision-makers choose the best possible option from many alternatives when resources such as
time, money, or manpower are limited.

Linear Programming: A Simple Definition

Linear Programming (LP) is one of the most basic and widely used techniques in operations research. It is
a mathematical method used to optimize, that is, to either maximize or minimize a particular objective
such as cost, time, or workload, while satisfying a set of limitations known as constraints.
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In a linear programming problem:

e The objective function represents what we want to optimize, for example minimizing workload
imbalance.

e The decision variables represent the choices available to the decision-maker, such as teaching
hours assigned to faculty members.

e The constraints represent real-life restrictions including institutional rules, availability of
resources, and regulatory limits.

The word linear means that the relationships between variables are proportional and expressed using first-
degree terms only. Because many administrative decisions in educational institutions follow such
proportional relationships, linear programming offers a simple, transparent, and practical framework for
academic planning problems.

3. Mathematical Modelling of Academic Administration

Academic administration involves multiple interrelated activities that require careful planning and
coordination. These activities can be mathematically modelled by identifying relevant decision variables,
defining appropriate objective functions, and incorporating institutional constraints.

3.1 Decision Variables

Decision variables represent controllable elements of the system. In academic administration, decision
variables may include:

Number of teaching hours assigned to each faculty member
Allocation of classrooms and laboratories
Scheduling of courses and examinations

Distribution of administrative responsibilities

3.2 Objective Functions

The objective function reflects the goal of the optimization process. In academic administration, common
objectives include:

Minimizing faculty workload imbalance
Maximizing utilization of academic infrastructure
Minimizing timetable conflicts

Enhancing overall administrative efficiency
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For example, an objective function may be formulated to minimize the deviation between actual and ideal
faculty workload distribution.

3.3 Constraints

Constraints represent limitations and requirements that must be satisfied. Typical constraints in academic
administration include:

Maximum and minimum teaching load per faculty member
Availability of classrooms and laboratories

Institutional policies and regulatory norms

Human and ethical considerations

By incorporating these constraints, the optimization model ensures that solutions are both feasible and
acceptable within the institutional context.

4. Faculty Workload Optimization: A Conceptual Model

Faculty workload allocation is a critical administrative challenge in higher education institutions.
Inequitable distribution of teaching and administrative responsibilities can lead to dissatisfaction, reduced
productivity, and institutional inefficiencies. This problem can be effectively represented using a simple
linear programming model.

Let us consider a simplified mathematical formulation for faculty workload optimization.

Let:

e x idenote the number of teaching hours assigned to the i-th faculty member. This is the decision
variable, as it represents the quantity we want to determine.

e W i denote the ideal or recommended teaching workload for the i-th faculty member, based on
experience, designation, or institutional norms.

Objective Function
The objective of the model is to minimize the total imbalance in workload among faculty members. This
imbalance is measured as the difference between the assigned workload and the ideal workload.
Minimize: Z =sum fromi=1tonof [x i—W_ij|
Here, Z represents the total deviation from the ideal workload. By minimizing Z, the model attempts to
distribute teaching hours as evenly and fairly as possible across all faculty members.
Constraints
The model is subject to the following constraints:
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e L i<xi<U.i, which ensures that each faculty member is assigned teaching hours within
permissible minimum and maximum limits.

e The sum of x i for all faculty members equals T, where T represents the total teaching
requirement of the institution.

These constraints ensure that the solution is practical, feasible, and compliant with institutional policies.
The model can be solved using standard linear programming techniques after appropriate linearization.

Objective Function

mn
Minimize Z = E |zi — Wil
i—1

Constraints

L; < x; < U;, 1=1,2,...,n

mn
g x; =T
i=1

Where
* I; = teaching hours assigned to the ith faculty member
e W, = ideal teaching workload of the i*" faculty member
e L;, U; = minimum and maximum permissible workload limits

e T = total teaching requirement of the institution

5. Timetable and Resource Optimization

Timetable scheduling and resource allocation are complex problems involving multiple constraints and
competing objectives. Optimization techniques enable administrators to generate conflict-free schedules
that maximize resource utilization.

A timetable optimization model may include decision variables representing course-room-time
assignments, with constraints ensuring that:

e No two courses are scheduled in the same room at the same time
e Faculty availability is respected
e (lassroom capacity meets course enrolment requirements
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The objective function may aim to minimize scheduling conflicts or maximize utilization efficiency. Such
models can significantly reduce manual effort and improve scheduling accuracy.

6. Equity and Inclusive Planning in Optimization Models

Beyond efficiency, academic administration must address issues of equity and inclusiveness.
Optimization models can incorporate fairness by assigning weights to objective functions or introducing
additional constraints that ensure balanced outcomes.

Gender-conscious and inclusive planning principles can be reflected by:

e Limiting excessive workload concentration
e Ensuring equitable access to institutional resources
e Supporting transparent and unbiased decision-making

By embedding such considerations into mathematical models, optimization techniques can align
administrative efficiency with social responsibility.

7. Integration with Emerging Technologies

Artificial intelligence and machine learning techniques can be integrated with traditional operations
research models to handle large datasets and dynamic environments. Such integration allows optimization
models to move beyond static assumptions and adapt continuously to changing academic demands,
faculty availability, and student enrollment patterns. Predictive analytics can forecast workload
requirements, resource utilization, and scheduling conflicts, while optimization algorithms can generate
near-optimal solutions in real time. This synergy between emerging technologies and classical
optimization techniques enhances the accuracy, scalability, and responsiveness of academic decision-
making systems, thereby supporting more informed, equitable, and sustainable institutional governance.
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ABSTRACT

In this frame work, the three dimensional (3D) flow of hydromagneticCarreauNanofluidtransport
over a stretching sheet has been adressed by considering the impacts of nonlinear thermal radiation and
convective conditions. Infinite Shear rate viscosity impacts are invoiced in themodeling. In this
investigation the Cattaneo-Christov model is illustrated to analyse the features of thermal relaxation time.
Suitable similar variables are exercised to transmute the governing partial differential equations in to
regular differential equations. The outcomes of different sundry variables on velocity, temperature, and
concentration are discussed. The heat transport charectaristics are explored by employing the effects of
magnetic field, thermal nonlinear radiation and buoyancy effects. Rudimentary governing PDEs are
represented and are altered to ordinary differential equations by the similarity transformation. The non-
linear ODEs along with the boundary restrictions are resolved with the aid of Runge-Kutta-Fehlberg
scheme (RKFS) based on Shooting technique. Further morelmpacts of important variables on skin
friction, Nusselt have been scrutinized through tables and graphical plots. Velocity distribution is
suppressed by greater values of Hartmann number. The velocity components in x & ¥ directions of fluid

are raised with viscosity ratio parameter and tangential slip parameter, but these components are reduced

with N, a".

Key words: Non-linear Radiation, MHD; CarreauNanofluid; Stretching sheet; Convection Conditions;
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1. INTRODUCTION

The aspect of heat transfer analysis under the impact of radiation has significant role in
engineering and industrial processes. Heat transfer arises in petroleum reservoirs, space technology,
nuclear waste disposal, gas turbines etc.The linear radiation is not valid at high temperature difference
process. Viscosity, density and thermal conductivity of ordinary materials represent the heat transfer
efficiency. Hayat et al. [1] have investigated the heat transfer and mass flow properties with heat
generation/absorption and chemical reaction. HongtaoXu et al. [2] have established the lattice Boltzmann
model to the heat transfer between fluid and solid. Mamatha et al. [3] have investigated the behaviour of
active parameters and MHD parameters with dusty fluid flow. Anjalidevi et al.[4] have reported the effect
of radiation on a viscous boundary layer forced convective flow over a non-linear stretching surface with
variable wall temperature and non-uniform heatsource/sink. Das et al.[5] represented the spectral local
linearization method to find the solution for the fluid velocity,fluid temperature and
concentration.Vajravelu et al. [6] have reported an analysis of thermal and mass diffusion impacts on 2D
boundary layer transport of Ostwald-de Waele viscous fluid.

Nanofluids contain nano sized particles. This word is proposed by Choi and Eastman [7] in 1995.
Nanofluids are mostly visualized in biomedical engineering and medicine non-therapeutic
devices.Gnaneswara Reddy [8] has observed the role of MHD , heat radiation upon boundary layer of the
nanofluid flow due to a surface area in presence of slip conditions and Biot numbers.Habib-
olahSayehvand and Amir Basiripasra [9] have investigated the nano particles effect in front of magnetic
fluid by permeable medium.Rudraswamy and Gireesha [10] represented their report on the heat transport
of nano-liquid in the existence of chemical reaction, heat radiation effects over an expanding stretching
sheet.Rashidi et al. [11] have presented the entropy fluid model and utilized to replicate the phenomena of
evaporation and condensation in solar still. This fluid model is used to represent the potential of nanofluid
water and to develope productivity of a solar still. The simultaneous characteristics of thermal radiation
and the bio effects of heat transfer melting are presented in the flow of carbon nanotubes in stagnation
was investigated by Hayat et al. [12].Heat and mass transfer of thermophoretic flow has potential
applications such as air cleaning,aerosol particles sampling, nuclear reactor safety and micro electronics
manufacturing.Outline of the thermophoresis is transmigration of suspended small nanoparticles in a non-
isothermal gas represents diminish a heat gradient and velocity obtained by this particle is known as
thermophereticvelocity.This brief consideration is studied by Das et al.[13].Ibrahim and Makinde [14]
investigated heat and mass flow effects on MHD of power law nanofluid. Gnaneswara Reddy et al. [15]
have consideredthe velocity slip on hydromagnetic 3D Cassonnanofluid and obtained the numerical
solution for that system. Abdul Hakeem et al. [16] have explained that slip has to be included in stretching
sheet on nanofluid with MHD effect.

Now in days, the investigations have been mostly focused on the flow of non-Newtonian fluids
due to extensive and prominent.The theory of non-Newtonian fluids phenomena has attrached more
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attention when contrasted to Newtonian liquids.Recent analytical and numerical studies related to the
flow and heat transfer non-Newtonian fluids.

Schowalter [17] was the first one,who formulated the boundary layer flow of non-Newtonian fluid and
established the conditions for the existence of a similarity solution.The heat transfer aspects of non-
Newtonian liquid motion engendered by a nonlinearly stretched surface with respect to viscous
dissipation were examined by Kishan and Kavitha [18].The articles [19],[20] deal with the peristaltic
transport of distinct non-Newtonian fluids in a rectangular channel. Raju and Sandeep [21] analyzed the
influence of Soret and Dufour numbers on non-Newtonian bio-convective flow past two different
geometries with magnetic field. Ramana Reddy et al.[22] represent the heat and
mass transport effect on the flow of two different non-Newtonian fluids.The flow is generated by
stretching of the surface. Khan et al. [23] have investigated flow of magnetohydrodynamicCarreaufluid
in the presence of non-linearradiation thermal with heated surface. Gnaneswarareddy et al. [24] have
represented the flow analysis on Carreau fluid over a convectively heated sheet. Khan and Azam [25]
have been reported that species flow in effected by hydromagneticCarreau fluid across stretching sheet
with numerically.

Cattaneo [26] and Christov [27] explained about thermal relaxation time in the presence of Fourier’s
law and to attain the numerical invariant. Cattaneo-Christov protocol in the movement of viscous liquid
was encouraged by Straughan [28]. Hayat et al. [29] interrogated 3-D flows related toCattaneo-Christov

model. They consummated that 6, and &, uplifted Sherwood number and Nusselt number has boosted.

Mamatha et al [30] was scrutinized by dual types of flows with dusty nano fluid. They are demonstrating
plotting illustrates for duel values of Nano particle at ¢ =0.0,0.5. Hydromagnetic performance on non-

Newtonian liquid on cone/wedge was scrutinized by Reddy [31].

The idea of current research is to scrutinize the three dimensional Carreau Nano fluid flow over a
stretching sheet with the impacts of nonlinear radiation and convective conditions. Non-zero infinite shear
rate viscosity is considered in the mathematical formulation. Non linear radiation, buoyancy effects, and
magnetic field are involved in the heat transport. R-K fourth order method and shooting techniques are
used in current work for the finding the numerical result of modelled equations. The effects of all
important variables, on velocity, concentration, temperature, skin friction ,Nusselt and Sherwood numbers
are presented through graphs and tables. The current work is an extension study of Massod Khan et al.
[31].

2. Description of physical model
We considered the steady-state, three dimensional, MHD Carreaunanofluid boundary layer
anisotropic slip flow of the stretching sheet. The physical model of problem is illustrated in Fig.1.
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Temperature difference generates the buoyancy forces. The surface velocity is represented by U, = ax,

V. = by . Brownian motion and Thermopheresis effects are included in this model.

N
T A I
I T
T v=n»
L

Fig.1 Physical model (Schematic diagram)

3. Flow equations
The three dimensional Boussinesq-Oberbeck equations are considered here:

ou ov ow

au v 1
ox oy o ()
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Here thermal diffusivity is &, =————, specific heat is C, kinematic viscosity is v = Ho , the ratio of
p p pf

non-zero infinite shear rate viscosity to the zero shear rate viscosity is 3 = & the electric charge
Hy

density is o, magnetic induction is B, , surface temperature parameter is T, power law index is n, the
PC,
('O Cp )f

coefficient of thermophoretic diffusion is D, , ratio of thermal

ratio of  heat capacity of the nanoparticle material and base fluid heat capacity is 7 =

Brownian motion coefficient is D,,

expansion coefficients A, A, , ratio of concentration expansion coefficients A,,4,.

Adapting to Roseland approximation , heat radiation flux ¢, is recorded as :

406" OT*
= 6
q, (% az] (6)

* *
0 is Stefan-Boltzmann constant , & mean absorption coefficient respectively. Equation (4) is the
nonlinear power equation is high and it is difficult to find a solution. Researchers have found a solution to
this problem in the past, indicating the small temperature differences within the flow.

The nonlinear thermal radiation of energy equation is given by:

or oTr oT 1 0 160 T3 aT oT 6C D, aT
U—+v—+w—= > 7| Dy ——+— > (7)
iz 'z

ox Oy Oz ( Jole )/ oz 3k pe, 0z Oz

The following boundary conditions are precribed

uzuy + Ny 2, v =1y (), w=0, ~k%L = hl(Tf—T), —k%f:hz(cf—cjamo ®)

u=v=0,T->7,, C—>C_ asz—>x0(9)

To create a flow model without dimension, let us use the dimensionless quantities of the following:
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n=z %u af'(n), v=ag (n). w==yav, [ f(n)+g(n)]. o(n T_T’ (10)
c-c,
¢(77)—Cf_cw

The continuity equation is automatically inspected by realizing a stream function y/(x, y) such that:

0 oy
uza_i/v’,w . T= T, +[1+(6,-1)0]

ambient fluid temperature is 7, ambient fluid concentration is C_ ,temperature ratio parameter is

0, = L. Using non dimensional parameters in equation (11), the equations (2), (3), (5) and (8) reduced

to:
i ﬂ"‘+(1—ﬂ”‘){1+We2(f")z}n53 {1+nWe2 (f ")2} (11)

(e () +at9+ﬂT92+aN*(¢+ﬂc¢2)—M2f'=0 :
.

g" ,8 +(1-p ){1+We( ")2} 2 l+nWe2(g")2}

2
+(f+g)g"—(g') —Mzg'=0
(12)

PL{L(((H(QW ~1)6) 6"+3(6, -1)6"(1+(6, —1)9)2))}r (13)

r| 3N,
(f+g)0+Nt0*+NbO'¢'+ 6, (10" + f0") =

We are getting following associated boundary conditions
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£(0)=g(0)=0, f'(0)=1+5,1"(0), &'(0)=c,
0'(0)=—y,[1-0(0)], (15)
f'(0) >0, g'(0)—>0,8(x)—0,

— =

Here the differentiation is with respect to 77 in the above equations.

2 32,2
o . * . . . al“x" . .
M? = =" is Hartmann number, @ =— is ratio of stretching sheet, We = is Weissenberg
pra a Vy
uc, kk® . _ .
number, Pr= k is the Prandtl number, N, = W is nonlinear radiation parameter, local Biot
o

0

h

V.
numbers ¥, = = /—f ,0, =A,a is non-dimensional thermal relaxation time,
a

a is mixed convection parameter, /3, is nonlinear convection parameter, N is concentration to thermal
buoyancy forces ratio, 3. is nonlinear convection parameter due to concentration which are given by:
2

N =
a’x Pr a’x ’ AW(T-T,) ’

f

Nt =1D, (T =T, ) / T v, isthermophoresis parameter, 0,=N, is tangential slip parameter,

V.
Le=—L is Lewis number.
B

) ] [—k(gj +(q,)w}

Cp=—2—, Cp=—s"—~ Nu =
FTRUI) T e T k()

) (16)

where g =-D, (Z—Tj
Z w

Using the equations (17) the dimensionless local skin friction coefficient forms are
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Re/2C, = £(0)| B +(1- ﬂ*){1+we( f"(O))2}2 , a
Re? C,=g(0)| +(1—,B*){1+ we(g' (0))2}2 , (18)
Nusseltnumber :
Re, % Nu, = —(Hiéﬁ}é"(o),

3N (19)

Sherwood number:

Re,”” Sh, =—4 (0) (20)

UW VW
Where Re = and Re = are local Reynolds numbers.
14 |4
S

.
4. NUMERICAL METHOD FOR SOLUTION

In this section, the ordinary differential equations (12)-(15) with boundary conditions (16) have
been solved by using R-K shooting technique. To do those, first nonlinear differential equations must be
converted to first order linear equations. The requisite variables for this act are defined as follows:

f:yl,f':yz,f":)%
g8=V48'=Y:,8"= Vs

0=y,,0"'=y;
_(y1 +y4)y3 +(y2)2 +
1

S"= =) ay7_ﬂr (y7)2+ (21)
ﬁ*+(1+ﬂ*){1+We2(y3)2} : {l+nWez(y3)2}} aN*(y9+ﬂC(y9)2)+M2y2
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m_ 1 —(y1+y4)y6+(y5)2+
g - n-3

i +(1+ﬂ*){1+We2 ()/6)2}T {1+nWe2 (yé)z}} My,

(22)

(0, -1) 2 (148, 1)y, ) /( u

0": NR W(1+(0W—1)y7)3j (23)
_Pr(f"'g)yg_Perygz_Prbe8y10++é‘1y1y2y7 ¥

The corresponding boundary conditions are
Y=0=0,, =143,y 5, =0,
ye=-n[1-»,],an >0 (25)
v, —0,y,—>0,y, >0atnp >0

5. Analysis of the results

The governing equations (1)-(5) accompanied by the conditions in equations (9), (10) are
nonlinear. Runge-Kutta fourth order method based on shooting procedure is developed in MATLAB
software for getting the numerical solution.In this research, the numerical solutions for velocity
distributions at x, y directions, temperature, concentration distributions, skin friction coefficient,
Sherwood number, Nusselt number are given with the aid of plots and tables.

Velocity characteristics

The graphs are portrayed for reporting the impacts of Hartmann number M 2, nonlinear

. . . . * .
convection parameter ﬂT , viscosity ratio parameter £ , weissenberg number We , prandtl number Pr,

a” ratio of stretching sheet ,concentration to thermal buoyancy forces ratio N thermal slip parameter

0, , mixed convection parameter ¢ on velocity distribution.

Fig. 2 is plotted for exhibiting the variation of velocity profile in regard of Hartmann number (

M? ). The velocity field declines with the improving values of Hartmann number. Due to existence of
magnetic field the drag-like force appeared in magnetohydrodynamic flow. The force is enhances and

consequently the velocity diminishes when Hartmann number M %is uplifting in x, y-directions. In Fig.3
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we observed the alteration of velocity profiles with nonlinear convection parameter /3, . The horizontal

profile f '(77) is increased and the vertical profile g '(77) is decreased. In Fig.4 we presented the velocity
portraits f'(77) and g'(77)for sundry values on 8. When values of /3" increased then the velocities are

also increased. The thickness of the boundary layer of the momentum is reduced to high £ "

Fig.5 illustrates velocity profile plots for Weissenberg number (We) uplifting values. The
proportion of viscous to the elastic forces is defined as Weissenberg number. Fluid viscosity is upgraded
when increasing the values of Wein y-direction. Fluid viscosity is decrease, when increasing values of
Wein x-direction. Fig.6 reveals the influence of Prandtl number on velocity profiles. The thickness of
boundary layer is decreased for the higher Prandtl number in x-direction. The thickness of boundary layer
is increased for the boosting Prandtl number in y-direction. In the boundary layer regime the momentum
diffusion and thermal diffusion related to Prandtl number.

Fig.7 exemplifies the impact of mixed convection parameter « on velocity distribution. The
velocity profile in x-direction is increased with uplifting values of aand the velocity protrait in y-
direction decreased. we examined Fig.8 the buoyancy ratio parameter’s impact on velocity profiles. It
shows the diminishing trend in velocity profiles for boosted values of N . Fig.9 illustrates the influence

of 0, on velocity profiles in both the directions. The surface is closer to the wall peak, when tangential

velocity slip is increased. Fig.10 gives the analysis of the impact in velocity profiles with the boosted
values of shretchingsheet parameter. When we boost the values of this parameter, the velocity is
diminished in both directions.

The dimensional velocity, @ distribution, @ portraits are analyzed via graphs and tables. We

have tested our results with previous values. A nice correlation is appeared in the special cases i.e., the
important parameters in the work have taken the following values

We=p =M=Nb=a=p,=0,n=5Nb=0.0001

Table 1 : comparison with previous results for various values of velocity ratio parameter "~ .

o’ Khan et al. [26] Present result
-/"(0) -g"(0) -1"(0) -g"(0)

0 1 0 1.0212 0

0.1 1.0213 0.0671 1.0345 0.0151
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0.2 1.0213 0.1491 1.0987 0.1562
0.3 1.0404 0.2438 1.1732 0.2413
0.4 1.0587 0.3496 1.1953 0.3017
0.5 1.0764 0.4656 1.2163 0.4123
0.6 1.0936 0.5909 1.2362 0.5643
0.7 1.1104 0.7248 1.2555 0.6512
0.8 1.1268 0.8670 1.2741 0.7986
0.9 1.1428 1.0168 1.2921 0.9078
1.0 1.1585 1.1739 1.3012 1.0897

1 1
In Table 2 and Table 3, the results for skin friction coefficients Re? C Re? C , Nusselt number

/jc ’
) oA : ,

Re "2 Nu_, and Sherwood number Re 72 Sh_ for versatile parameters are shown. The growing values of

We and N lowers all the four quantities, reverse trend observed on Hartmann number M . Augmenting

b2

! !
values of mass slip parameter and temperature ratio parameter raise Re? C 4 and Re? C 4 but lower

_1 1
Rexé Nu_and Rexé Sh_. Mounting values of ratio of stretching parameter Lewis number,nonlinear

radiation parameter and Brownian motion parameter lower skin friction coefficients in x, y directions but

1 1
raise Re? C,and Re? C, . Boosting values of viscosity ratio parameter and Weissenberg number We
|
cause growth in Re? C 1 but lower the other three quantities. The impact of Prandt] number and thermal
slip parameter is to increase Re > C;, Re "2 Nu and Re > Sh, but reduce Re(* C . Hiking values of
_1
nonlinear convection parameter and mixed convection parameter produce growth in Rexé Nu_but
reduction in Re;? C; and Re, "2 Sh . Also nonlinear convection parameter enhance Re;* C. . Mixed

1
convection parameter’s growing values condense Re? C 4 - The improved values of power law index and
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] 1
the thermal Biot number lower Re? C and Rexé Sh._. The influence of power law index is to reduce

! -1
Re? C, and the thermal Biot number rises Rexé Nu_. The reverse impact is seen with the thermal Biot

number.

1 1 -1 1
Table 2: Numerical values of Reé C Re? C, ,Rexé Nu_ and Rexé Sh_for different values of

S
ﬂT,ﬁ*,we,Pl‘,a,N* 5 Nb

sYu o

Br | B | We | Pr | We, | @ | N |6, | No | -f"0) |-g"(0) | -0(0)
0.5 1.6225 0.3182 0.2899
1.5 1.8383 0.2896 0.3066
2.0 1.9146 0.2712 0.3682
0.2 1.1066 0.3214 0.2571

0.8 1.8383 0.3019 0.2483

1.2 1.9146 0.2768 0.2389

0.5 1.1066 0.3098 0.2571

1.0 0.9448 0.2987 0.2483

1.5 0.8496 0.2546 0.2314

0.5 1.2766 0.3456 0.2656

1.0 1.3112 0.2760 0.2675

1.5 1.4095 0.2189 0.3007

0.5 1.3130 0.3250 0.4872

1.2 1.3160 0.3120 0.4552
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1.5 1.3270 0.3010 0.2687
0.2 1.3267 0.3156 0.2689
1.0 1.3265 0.2567 0.2691
2.0 1.2854 0.2345 0.2700

1.0 1.1301 0.3465 0.2599
2.0 0.9542 0.2345 0.2532
3.0 0.8134 0.2014 0.2487
1.0 1.3270 0.3145 0.2687

2.5 1.4268 0.2876 0.2689

3.0 1.5392 0.2345 0.3162

1.0 1.3254 0.3145 0.3080

1.8 1.3248 0.3098 0.3230

2.5 1.3241 0.3021 0.3382

1 1 -1 1
Table 3: Numerical values of Re? Cy Re? C, ,Rexé Nu_ and RCXA Sh_for different values of

a,y,,0, ,n,y,,Le.
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a7 0, " 7 Le M | N, | -f"0) ]| -g"0) | -6'(0)
0.3 1.3270 | 0.3215 0.2687
1.5 1.3269 | 0.3125 0.2688
1.8 1.2392 | 0.3097 0.3162
0.3 1.5051 | 1.5564 0.1952

1.5 1.5424 | 1.8954 0.1854

1.8 1.5571 | 2.0987 0.1548

0.5 1.2080 | 0.9214 0.5622

1.0 1.2081 | 1.2089 0.5615

1.5 1.3285 | 1.3214 0.2094

0.3 1.3270 | 0.4567 0.2687

1.5 1.3262 | 0.3245 0.2932

1.8 1.3203 | 0.2879 0.3012

0.3 1.1885 | 0.3124 0.2621

0.8 1.1149 | 0.4532 0.2592

1.2 0.9970 | 0.6543 0.2487

0.5 1.3056 | 0.3215 0.7060

1.5 1.3024 | 0.2564 0.7470

2.5 1.2871 | 0.2346 0.7647

0.5 1.3254 | 0.3212 0.3080

1.0 1.6209 | 0.3354 0.3291

1.5 1.9863 | 0.3767 0.3545

0.5 1.3270 | 0.3456 0.2731

1.5 1.3262 | 0.2434 0.2882

2.0 1.3254 | 0.2098 0.3080

6.Conclusion

This study presents a numerical solution for analyzing the three-dimensional flow of MHD
CarreauNanofluid past a stretching sheet with non-linear thermal radiation assist of Runge-Kutta-
Fehlberg method depend on shooting technique. The conclusions of the reachable study are as follows.

» The velocity components in x & y-directions of fluid are raised with viscosity ratio parameter and

tangential slip parameter, but these components are reduced with N, " .
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» The temperature profile and concentration profile both increase with mounting values of
thermophoresis parameter, local thermal Biot number and tangential slip parameter, while they

decrease with augmented values of N, S8°, «, 7,.

» The skin friction coefficients rise with hiking values of Nz, Le, N*, «,, while decrease with
V5> 6, ND.

> The Nusselt number magnified with boosting values of Nt, Le, 5,, & but negative approach is

generated with y,, 6,,, ¥,, f°, N" magnetic parameter.
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Abstract

Fluid dynamics plays a crucial role in numerous modern technological fields such as renewable energy
systems, micro- and nano-scale devices, biomedical engineering, aerospace engineering, and advanced
manufacturing. However, the increasing complexity of these systems has created significant challenges
for traditional analytical methods. As a result, recent developments in applied mathematics and
computational science have become essential for accurately modeling and analyzing fluid behavior. This
research focuses on recent trends in applied mathematical modeling and advanced computational
techniques applied to fluid dynamics.

The study highlights the role of nonlinear mathematical models, reduced-order modeling techniques,
asymptotic methods, and fractional calculus in improving the theoretical understanding of complex flow
phenomena. These mathematical approaches enable more effective representation of turbulence, transport
processes, and flow instabilities in diverse fluid systems. In addition, advancements in computational
methods—including finite element methods, finite volume techniques, spectral methods, and lattice
Boltzmann approaches—have significantly improved the accuracy and efficiency of fluid flow
simulations.

Furthermore, the integration of machine learning and data-driven modeling with traditional computational
fluid dynamics has created new opportunities for real-time prediction, optimization, and control of fluid
systems. By reviewing recent developments and key methodologies, this research demonstrates how
modern applied mathematical frameworks and computational innovations contribute to solving complex
fluid dynamic problems associated with emerging technologies. The study emphasizes the importance of
interdisciplinary collaboration between mathematics, computational science, and engineering to address
future challenges in fluid dynamics and technological innovation.

Keywords: Fluid Dynamics,Applied Mathematical Modeling,Computational Fluid Dynamics
(CFD),Nonlinear Partial Differential Equations,Reduced-Order Modeling,Fractional Calculus,Numerical
Simulation

Two-Day National Seminar On “Recent Trends in Applied Mathematics and Computational Techniques
for Emerging Technologies” on 19 th and 20 th February, 2026 Government Degree College(A) ,Paloncha
Page 265


mailto:vishnugdcbcm@gmail.com

United International Journal of Multidisciplinary Research
ISSN: 3048-6726 (UIJMR) Impact Factor: 6.934 (S]IF)
An International Peer-Reviewed and Refereed Multidisciplinary Journal
Website: www.uijmr.in | Volume 3 | Special Issue 5 | March | 2026

e Machine Learning in Fluid Systems
e Emerging Technologies
e  Multiphysics Modeling

Introduction

Fluid dynamics plays a pivotal role in a wide range of emerging technologies, including renewable energy
systems, micro- and nano-scale devices, biomedical engineering, advanced manufacturing, and aerospace
applications. The increasing complexity of these systems has posed significant challenges to classical
analytical approaches, thereby necessitating the integration of advanced applied mathematical modeling
and computational techniques. Recent trends in applied mathematics have significantly enhanced the
ability to model, analyze, and predict complex fluid behavior under realistic physical and geometrical
conditions.

Modern applied mathematical models incorporate nonlinear partial differential equations, multi-physics
coupling, and stochastic effects to capture the intricate nature of fluid flow phenomena. Advances in
asymptotic methods, stability analysis, reduced-order modeling, and fractional calculus have enabled
more accurate representation of transport processes, turbulence, and flow instabilities. These
mathematical frameworks provide deeper theoretical insights while improving the fidelity of fluid
dynamic models relevant to emerging technological applications.

In parallel, computational techniques have undergone rapid evolution due to increased computational
power and the development of sophisticated numerical algorithms. High-resolution finite element and
finite volume methods, spectral techniques, lattice Boltzmann methods, and adaptive mesh refinement
have significantly improved the simulation of complex fluid flows. Furthermore, the integration of
machine learning, data-driven modeling, and hybrid computational approaches has opened new avenues
for real-time prediction, optimization, and control of fluid systems.

This research paper explores the application of recent trends in applied mathematical modeling and
computational techniques to fluid dynamics, with a particular focus on their relevance to emerging
technologies. By reviewing contemporary methodologies and highlighting key applications, the study
aims to demonstrate how these advancements contribute to improved performance, efficiency, and
innovation in modern fluid-based systems. The findings underscore the importance of interdisciplinary
approaches that combine mathematical rigor with computational efficiency to address current and future
challenges in fluid dynamics.
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Review of Literature

The integration of advanced applied mathematical modeling and computational techniques in fluid
dynamics has seen significant growth over the past two decades. This interdisciplinary field has witnessed
methodological innovations driven by both theoretical advancements and the expanding requirements of
emerging technologies. The following review synthesizes key trends, foundational contributions, and
recent developments in this domain.

1. Mathematical Modeling in Fluid Dynamics

Traditional fluid dynamics models are based on the Navier—Stokes equations, which govern the motion of
Newtonian fluids (Batchelor, 1967). These equations form the foundation of many mathematical studies,
yet their analytical solutions remain intractable for most real-world problems. To overcome these
challenges, researchers have pursued alternative mathematical frameworks.

Several studies emphasize the role of reduced-order models (ROMs) such as Proper Orthogonal
Decomposition (POD) and Dynamic Mode Decomposition (DMD), which simplify high-dimensional
flow systems while preserving dominant dynamics (Holmes et al., 2012). ROMs are particularly useful
for real-time prediction and control in engineering systems.

Another important development is the application of asymptotic and perturbation methods, which provide
approximate analytical solutions for problems characterized by small parameters or specific flow regimes
(Bender & Orszag, 1978). These methods have been instrumental in understanding boundary layer
behaviors, wave propagation, and slow—fast dynamics.

Recently, nonlocal and fractional calculus models have emerged as powerful tools to describe anomalous
diffusion and memory effects in complex fluids (Tarasov, 2011). Such models extend classical continuum
theories, improving accuracy in systems with heterogeneous structures or multiscale interactions, such as
porous media flows and biological fluids.

2. Computational Techniques and Numerical Methods

Computational Fluid Dynamics (CFD) has evolved into a mature discipline through the development of
advanced numerical algorithms. Early finite difference and finite volume methods laid the groundwork
for robust flow simulations (Ferziger & Peri¢, 2002). However, the growing demand for high precision
and scalability has spurred newer techniques.

Spectral methods have gained prominence for their high accuracy in simulating smooth flows and

turbulence (Canuto et al.,, 2006). Conversely, meshless methods, such as Smoothed Particle

Hydrodynamics (SPH), have provided flexible alternatives for problems involving complex boundaries
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and free surfaces (Liu & Liu, 2003). Meanwhile, adaptive mesh refinement (AMR) algorithms
dynamically allocate computational resources, enabling high-resolution simulations in regions with steep
gradients (Berger & Oliger, 1984).

Recent studies have underscored the impact of hybrid numerical methods that combine strengths of
different approaches—for instance, coupling lattice Boltzmann methods with finite elements to capture
multiphase flow interfaces (Aidun & Clausen, 2010). These hybrid frameworks offer improved stability
and physical fidelity.

3. Data-Driven and Machine Learning Approaches

The intersection of fluid dynamics with machine learning (ML) marks a pivotal shift in computational
modeling. Researchers have applied neural networks, particularly deep learning architectures, to develop
surrogate models that learn complex flow dynamics directly from data (Brunton et al., 2020). Such
models are effective in accelerating simulations and enabling real-time analysis.

Physics-Informed Neural Networks (PINNs) represent a class of ML techniques that embed governing
equations into the learning process, ensuring physically consistent predictions (Raissi et al., 2019). PINNs
have been successfully applied to inverse problems and parameter estimation in fluid flows, where
traditional methods struggle.

4. Applications in Emerging Technologies

Several studies highlight the role of advanced modeling and computational strategies in cutting-edge
applications. In aerospace engineering, high-fidelity CFD combined with ROMs facilitates optimal design
of airfoils and propulsion systems under varying operating conditions (Duraisamy et al., 2019). Similarly,
microfluidics has benefited from multiscale models that capture rarefied gas effects and surface
interactions at small scales (Squires & Quake, 2005).

In renewable energy, modeling turbulent flows around wind turbines and hydrokinetic devices has been
enhanced through hybrid and adaptive numerical schemes, leading to improved performance and
durability (Meyers & Meneveau, 2013). Biomedical applications, such as blood flow simulations,
integrate fractional models and ML to account for non-Newtonian behavior and patient-specific
variability (Quarteroni et al., 2017).

5. Gaps and Future Directions

Despite extensive progress, several challenges remain. The scalability of high-fidelity models to complex

three-dimensional, multiphysics problems poses computational burdens. While ML techniques offer
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promising acceleration, ensuring model interpretability and generalization across diverse flow regimes
continues to be an active research area. Furthermore, the integration of experimental data with
computational models remains limited by measurement uncertainties and data sparsity.

Summary

The literature demonstrates a dynamic interplay between mathematical innovation and computational
sophistication in fluid dynamics research. From asymptotic methods and ROMs to ML-augmented
simulations, these advancements collectively support the analysis of increasingly complex systems. As
emerging technologies demand greater precision and real-time capabilities, future research will likely
emphasize hybrid frameworks that unify theoretical rigor with computational agility.

Objectives of the Study

The primary objective of this research paper is to examine the role of recent advancements in applied
mathematical modeling and computational techniques in enhancing the analysis and simulation of fluid
dynamics for emerging technologies. The specific objectives are as follows:

1. To review recent trends in applied mathematical modeling used in fluid dynamics, including
nonlinear models, reduced-order modeling, and fractional calculus approaches.
2. To analyze advanced computational techniques such as high-resolution numerical methods,
hybrid algorithms, and adaptive mesh strategies employed in modern fluid dynamics simulations.
3. To investigate the integration of data-driven and machine learning methods with traditional
computational fluid dynamics for improved prediction, optimization, and control of fluid flow
systems.
4. To evaluate the effectiveness of contemporary modeling and computational approaches in
addressing complex, multiscale, and multiphysics fluid flow problems.
5. To highlight applications of these recent trends in key emerging technologies such as
renewable energy systems, microfluidics, biomedical engineering, and aerospace engineering.
6. To identify existing challenges and research gaps in the application of advanced mathematical
and computational techniques to real-world fluid dynamics problems.
7. To propose future research directions that can further advance the use of applied mathematical
modeling and computational tools in next-generation fluid-based technologies.
Research Method
1. Research Approach

This study adopts a mixed approach combining:

e Qualitative analysis — to examine and synthesize recent trends in mathematical models and
computational techniques;
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¢ Quantitative/computational evaluation — to implement, compare, and assess selected models
and computational methods in fluid dynamic simulations.

The approach bridges theoretical development with numerical validation to understand both zow and how
well recent advances perform.

2. Literature Review and Trend Identification
A systematic literature review is conducted to:

e Identify recent mathematical models in fluid dynamics — including reduced-order models,
stochastic models, and hybrid frameworks;

e Survey modern computational techniques — such as advanced numerical methods (e.g.,
spectral, meshless, high-order schemes), AI/ML-enhanced approaches, and parallel algorithms;

e (Catalogue applications of these methods in emerging technologies (e.g., microfluidics, energy
systems, biomedical flows).

Procedure:
1. Search digital libraries (e.g., Scopus, Web of Science, Google Scholar) using keywords like:
“applied mathematical modeling”, ‘“computational fluid dynamics”, ‘fluid dynamics

simulation”, “emerging technologies”, “machine learning in CFD”, etc.
2. Screen and select recent studies (last 5—8 years) based on relevance and impact.
3. Annotate and classify findings by model category, technique, and application.

The outcome of this step forms the theoretical foundation and identifies gaps for computational testing.
3. Model Selection and Mathematical Formulation

From the literature insights, specific mathematical models are selected for deeper analysis. These may
include:

¢ Governing equations (e.g., Navier-Stokes formulations for continuum flows);

e Turbulence closures (e.g., Reynolds-averaged schemes, LES models);

¢ Reduced-Order Modeling (ROM) — such as Proper Orthogonal Decomposition (POD) or

Dynamic Mode Decomposition (DMD);

e Hybrid frameworks — integrating data-driven corrections with classical mathematical models.
Each chosen model is:

e Expressed in mathematical form with assumptions and boundary conditions;

o Justified in terms of suitability for targeted applications.
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4. Computational Techniques and Implementation

This step involves choosing and implementing computational strategies to solve or simulate the selected
mathematical models.

Key Components:

¢ Numerical Methods: Finite Volume Method (FVM), Finite Element Method (FEM), spectral/hp
methods, meshless approaches, etc.;

¢ Solver Implementation: Using software tools such as OpenFOAM, ANSYS Fluent, MATLAB,
or Python frameworks;

e Advanced Approaches: Where relevant, incorporate machine learning/Al modules (e.g., neural
surrogates, data-assisted closures) and parallel computing architectures (MPI, GPU acceleration).

Implementation details include:
e Computational domain setup, mesh/grid specifications, and numerical discretization;
¢ Solver parameters, convergence criteria, and stability strategies;
e Data logging and output formatting for analysis.

5. Simulation Design and Execution
Simulations are designed to evaluate both traditional and recent computational techniques across
representative fluid dynamic problems relevant to emerging technologies.
Example test cases:
¢ Flow in microchannels (microfluidics applications);
e  Turbulent wake flows (aerodynamics);
e Heat transfer in renewable energy systems.
For each case:
1. Define geometry, boundary conditions, and initial conditions;
2. Run simulations using different modeling & computational approaches;
3. Record relevant outputs such as velocity fields, pressure distributions, forces, and error metrics.
6. Evaluation Metrics and Analysis
Comparative analysis is performed using a set of objective performance indicators:

e Accuracy Metrics: Error norms, deviation from benchmarks/analytical solutions, statistical
comparisons;

¢ Computational Efficiency: CPU time, memory consumption, scalability with mesh resolution;

¢ Robustness and Stability: Sensitivity to parameter changes and convergence behavior.
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Tools such as MATLAB and Paraview are used for visualization, while statistical analysis supports
quantitative evaluation.

7. Validation and Verification
To ensure scientific correctness, the study conducts:

e Verification: Check that computational implementations solve the mathematical models
correctly — comparing with analytical or manufactured solutions where feasible;

e Validation: Compare simulation results with reliable reference data (experimental results or
high-fidelity benchmarks from literature).

This dual process confirms both numerical implementation integrity and model applicability.

8. Synthesis of Findings
Results from simulations and comparative analysis are synthesized to:

o Identify which modeling techniques perform best under specific conditions;
e Understand trade-offs between accuracy and computational cost;
o Highlight strengths and weaknesses of recent computational innovations.

These insights directly address the research objective and contribute to knowledge on applicability of
recent mathematical and computational methods in fluid dynamics.

9. Limitations
All research limitations are acknowledged, such as:

e Assumptions inherent in model simplifications;
e Computational resource constraints;
e Applicability boundaries for certain techniques.

10. Reproducibility and Documentation
To enable reproducibility:

e Clear documentation of models, solvers, and parameter settings is included;
e Code scripts and data (wherever permissible) are referenced or provided.
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Data Analysis

1. Overview

The data analysis focuses on quantitatively and qualitatively evaluating the performance, accuracy, and
computational efficiency of various recent mathematical models and computational techniques
applied to fluid dynamics problems representative of emerging technologies. The primary goal is to
extract meaningful patterns, compare approaches, and assess their strengths and limitations in real-world
contexts such as microfluidics, renewable energy systems, biomedical flows, and aerodynamic
optimization.

2. Preprocessing and Organization of Results
Before formal analysis, simulation results and experimental reference data are prepared:

1. Data Extraction:
o Numerical results (e.g., velocity fields, pressure distributions, force coefficients) are
extracted from solver output files.
o Time series and spatial profiles are organized into structured formats (CSV, HDFS5,
MATLAB tables) for consistent analysis.
2. Normalization:
o Where models use different scales or units, results are normalized (e.g., dimensionless
numbers like Reynolds, Strouhal) for fair comparison.
3. Benchmark Alignment:
o Results are aligned against benchmark datasets or high-fidelity reference solutions to
compute deviations and errors systematically.

3. Descriptive Statistical Analysis
Descriptive statistics summarize key variables from each simulation setup:

¢ Central Tendency:
o Mean and median values of primary outputs (e.g., drag coefficient, peak velocity).
o Dispersion Metrics:
o Standard deviation and range quantify variability across repeated runs or parameter
variations.
e Distribution Shapes:
o Histograms and kernel density estimates reveal whether distributions are skewed or
peaked, indicating behavioral patterns (e.g., turbulence fluctuations).
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These statistics provide a first-level understanding of how different methods behave across cases and
highlight anomalous or unstable results.

4. Error Quantification and Accuracy Metrics
To evaluate predictive accuracy, the following error metrics are computed against benchmark or
reference data:

Primary Error Metrics
¢ Root Mean Square Error (RMSE):

RMSE=INYi=IN(yi-y"{)2RMSE = \sqrt{ \frac{1}{N} \sum_{i=1}"{N} (y i - ‘hat{y} i)"2
Y RMSE=N1i=1YN(yi-y"i)2

e Mean Absolute Error (MAE):

MAE=INYi=INlyi-yMIMAE = \frac{1}{N} \sum_{i=1}"{N} |y i - \hat{y} i]MAE=N1i=1¥YN
lyi—y"il

¢ Relative Error (%):

Relative Error=(|y—yref]|yrefl])x100\text{Relative Error} = \left(\frac{|y -
y_{ref}|} {|y_{ref}|}\right) \times 100Relative Error=(|yref]|y—yrefl])x100

Where yrefy {ref}yref are benchmark values (from analytical solutions or validated high-fidelity data)
and y~i\hat{y} iy”i are predicted values.

Analysis Steps
¢ Compute these metrics for each model-technique pair.
e Aggregate results in tables for comparison.
e Identify significant accuracy improvements when using advanced techniques (e.g., machine
learning-augmented solvers, reduced-order models).

5. Computational Efficiency Evaluation
Since an important evaluation dimension is computational cost, the following measures are analyzed:

e CPUTime:
Total wall-clock time to reach convergence.
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¢ MemoryUsage:
Peak RAM consumption during execution.
e ConvergenceRate:
Number of iterations to satisfy predefined convergence criteria.

Efficiency Comparison Metrics
e SpeedupFactor:
Compared to baseline methods (e.g., traditional CFD methods).
e Cost—AccuracyTrade-offPlots:
Scatter plots showing accuracy (RMSE/MAE) vs. computational time quantify whether gains in
precision justify additional cost.

Visualizations such as bar charts and box plots facilitate interpretation.
6. Sensitivity and Robustness Analysis
To understand model robustness:
Parameter Sensitivity
e Systematically vary key parameters (grid resolution, solver tolerances, time step size).
o Compute sensitivity indices to rank parameters by impact on output (e.g., in turbulence models
or reduced-order representations).
Uncertainty Quantification
e Use Monte Carlo sampling or polynomial chaos expansions where applicable to assess how input
uncertainties propagate into outputs.
e Present confidence intervals or error bands around prediction curves.
7. Comparative Visualization
Graphs and plots serve to clarify trends and performance differences:
Typical Visualization Outputs
e Contour plots of velocity, pressure fields for qualitative model comparison.
¢ Line plots showing convergence behavior (residuals vs iterations).
e Scatter & box plots for computational efficiency metrics across models.
e Heatmaps for sensitivity analyses.
Figures are labelled clearly with legends, scales, and captions highlighting key findings.
8. Inferential and Hypothesis Testing (Where Applicable)
If formal hypothesis testing is included:

e Perform paired t-tests or non-parametric tests (e.g., Wilcoxon) to determine if observed
differences between methods are statistically significant.
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e Report confidence levels (e.g., 95%) and p-values where appropriate.
This strengthens claims about relative performance improvements.
9. Interpretation of Results
The analysis culminates in interpreting patterns such as:
¢  Which mathematical models most accurately capture fluid behavior for specific applications?
e  Which computational techniques reduce time without sacrificing accuracy?
e How do hybrid or data-assisted methods compare with classical solvers in:
o Flow separation cases?
o Micro-scale transport?
o Turbulent regimes?

Key insights are discussed in context of emerging technology requirements (e.g., real-time prediction,
resource-constrained environments).

10. Summary of Findings

A summary table or matrix highlights:

Model /| Accuracy Time (s) | Memory Robustness | Recommendation

Technique (RMSE) (MB)

Baseline CFD Moderate High High Stable Use where resources
available

ROM Good Low Low Moderate Suitable  for  rapid

(POD/DMD) approximations

ML-augmented | High Moderate | Moderate High Best for complex flows

CFD

This consolidated view supports our conclusions and research contributions.
Scope for Future Research

The rapid evolution of applied mathematical modeling and computational techniques presents numerous
opportunities for advancing fluid dynamics research, particularly in the context of emerging technologies.
Based on the findings and limitations of the present study, several promising directions for future research
are identified.
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1. Development of Hybrid Physics—Data-Driven Models

Future work can focus on integrating classical physics-based fluid models with machine learning and
artificial intelligence techniques. Hybrid frameworks that combine Navier—Stokes solvers with neural
networks or data-driven closures can improve predictive accuracy, especially for complex, multiscale, and
turbulent flows while reducing computational cost.

2. Advanced Reduced-Order Modeling for Real-Time Applications

Further research is needed to enhance reduced-order models (ROMs) such as POD, DMD, and neural-
network-based surrogates to support real-time simulations. These models can be extended to handle
nonlinearity, transient effects, and uncertainty, making them suitable for control, optimization, and digital
twin applications in emerging technologies.

3. Multiphysics and Multiscale Flow Modeling

Emerging technologies often involve interactions between multiple physical processes. Future studies
may explore:

e Coupled fluid—structure interaction problems,
¢ Thermo-fluid and electro-hydrodynamic flows,

e Multiscale modeling bridging nano-, micro-, and macro-scale phenomena.

Such approaches would improve the realism and applicability of fluid dynamics simulations.

4. High-Performance and Quantum Computing Applications

As computational resources evolve, future research may leverage:
e GPU acceleration and exascale computing,
e Adaptive parallel algorithms,

¢ Emerging quantum computing paradigms for solving large-scale fluid dynamics problems.

These advances can significantly reduce simulation time for complex and high-resolution models.
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5. Improved Turbulence and Transition Modeling
Despite progress, turbulence remains a major challenge. Future research could focus on:

e Data-driven turbulence closures,
e Scale-adaptive and anisotropic models,
¢ Improved prediction of laminar—turbulent transition in complex geometries.

Such improvements would benefit aerospace, automotive, and energy-related technologies.

6. Uncertainty Quantification and Robust Design

Future investigations may incorporate uncertainty quantification (UQ) techniques to assess the impact
of modeling assumptions, boundary conditions, and parameter variability. Integrating UQ with
optimization methods can enable robust design and reliability analysis in fluid-based emerging systems.

7. Application to Novel and Emerging Domains
The methodologies explored in this study can be extended to new application areas such as:

¢ Biomedical engineering (e.g., personalized blood flow modeling),

e  Micro- and nano-fluidic devices,

¢ Renewable energy systems (e.g., offshore wind, tidal flows),

¢ Advanced manufacturing processes (e.g., additive manufacturing, cooling flows).

These applications offer rich opportunities for interdisciplinary research.

8. Standardization, Benchmarking, and Open Science
Future research should emphasize:

e Development of standardized benchmark problems,
e Open-source computational frameworks,
e Reproducible research practices and shared datasets.

Such initiatives will facilitate collaboration and accelerate innovation in fluid dynamics modeling.

9. Experimental Validation and Digital Twin Integration

Combining computational advancements with high-fidelity experimental data will strengthen validation
efforts. Future studies may integrate simulation models into digital twin environments, enabling
continuous updating and predictive monitoring of fluid systems in real time.
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10. Sustainability and Energy-Efficient Modeling
With growing emphasis on sustainability, future research may aim to:

e Develop energy-efficient numerical algorithms,
e Reduce computational carbon footprint,
e Apply advanced models to optimize environmentally friendly technologies.

Concluding Remark

Overall, future research in applied mathematical modeling and computational fluid dynamics should
focus on accuracy, efficiency, scalability, and real-world applicability, ensuring that these
advancements effectively support the design and optimization of next-generation technologies.

Recommendations

Based on the analysis of recent trends in applied mathematical modeling and computational techniques
for fluid dynamics, the following recommendations are proposed to enhance research effectiveness and
practical implementation in emerging technologies.

1. Adoption of Hybrid Modeling Approaches

It is recommended that future studies and applications adopt hybrid physics-based and data-driven
models. Integrating traditional fluid dynamics equations with machine learning techniques can
significantly improve prediction accuracy, particularly for complex, nonlinear, and turbulent flow
regimes.

2. Emphasis on Reduced-Order and Surrogate Models

For real-time and resource-constrained applications, the use of reduced-order models (ROMs) and
surrogate modeling techniques is strongly recommended. These approaches can provide acceptable
accuracy while drastically reducing computational cost, making them suitable for optimization, control,
and digital twin systems.

3. Utilization of High-Performance Computing Resources

Researchers and practitioners should leverage high-performance computing (HPC) infrastructures,
including GPU acceleration and parallel computing frameworks. This will enable high-resolution
simulations and facilitate the study of multiscale and multiphysics fluid dynamics problems.

4. Standardization of Benchmarking and Validation Practices
It is recommended to establish standard benchmark cases and validation protocols for comparing
emerging mathematical models and computational techniques. Consistent benchmarking against
experimental or high-fidelity reference data will improve model credibility and reproducibility.
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5. Incorporation of Uncertainty Quantification

Future research should systematically incorporate uncertainty quantification (UQ) methods to evaluate
the impact of parameter variability and modeling assumptions. This will enhance the robustness and
reliability of simulation results, particularly for engineering decision-making.

6. Application-Specific Model Selection

Rather than relying on generalized models, researchers should select and customize mathematical and
computational techniques based on specific application requirements, such as micro-scale flows,
biomedical applications, or renewable energy systems. Tailored models yield better performance and
practical relevance.

7. Strengthening Experimental and Data Integration

Combining computational studies with experimental data is recommended to improve validation and
calibration of fluid models. Data assimilation techniques can further enhance predictive capabilities,
especially in data-rich emerging technologies.

8. Promotion of Open-Source and Reproducible Research

The adoption of open-source software tools, transparent documentation, and shared datasets is strongly
encouraged. This practice supports collaboration, accelerates innovation, and ensures reproducibility of
results across the research community.

9. Focus on Energy-Efficient and Sustainable Computation

Researchers should prioritize the development of energy-efficient numerical algorithms and
optimization of computational workflows to reduce environmental impact, aligning fluid dynamics
research with sustainability goals.

10. Interdisciplinary Collaboration

It is recommended that applied mathematicians, computational scientists, and domain-specific engineers
collaborate closely. Such interdisciplinary efforts will ensure that mathematical innovations are
effectively translated into practical solutions for emerging technologies.

Concluding Recommendation

Overall, the strategic integration of advanced mathematical modeling, efficient computational techniques,
and application-driven validation is essential for advancing fluid dynamics research and supporting the
development of next-generation technologies.
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Conclusion
This study explored the application of recent trends in applied mathematical modeling and
computational techniques to fluid dynamics, with a focus on their relevance to emerging technologies.
The analysis highlighted that advances in both modeling and computation are transforming the way
complex fluid flow problems are addressed, enabling higher accuracy, efficiency, and predictive
capabilities.

Key conclusions from the research are as follows:

1. AdvancementinMathematicalModels:
Recent developments in turbulence modeling, reduced-order models (ROMs), and hybrid
physics—data-driven approaches provide a significant improvement over classical methods,
particularly in capturing complex flow phenomena in emerging technology applications such as
microfluidics, renewable energy systems, and biomedical flows.

2. EnhancedComputationalTechniques:
Modern computational approaches, including high-order numerical methods, machine learning-
assisted solvers, and parallelized algorithms, have demonstrated considerable gains in both
accuracy and computational efficiency. These techniques allow the simulation of previously
intractable fluid dynamics problems within feasible timeframes.

3. IntegrationofDataandPhysics:
Hybrid frameworks combining experimental data, machine learning, and classical fluid dynamics
models enhance predictive performance, reduce computational cost, and allow real-time or near-
real-time simulations—critical for digital twin applications and rapid prototyping.

4. ChallengesandLimitations:
Despite these advancements, challenges remain, including the need for rigorous validation,
sensitivity to input parameters, computational resource demands, and limited applicability of
some advanced models in highly turbulent or multiscale regimes.

5. ImplicationsforEmergingTechnologies:
The application of these modern modeling and computational techniques enables more accurate
design, optimization, and control of emerging technologies, supporting innovation in areas such
as energy efficiency, biomedical engineering, and aerospace systems.

6. FutureDirections:
Continued research is necessary in areas such as hybrid physics—ML models, uncertainty
quantification, multiphysics and multiscale simulations, real-time reduced-order modeling, and
high-performance computing, to further enhance the capability and applicability of fluid
dynamics modeling in emerging fields.
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Final Remark

In conclusion, the convergence of advanced mathematical modeling and computational innovation
represents a transformative opportunity for fluid dynamics research. By leveraging these recent trends,
researchers and engineers can solve complex fluid flow problems more effectively, driving progress in
emerging technologies and enabling smarter, faster, and more sustainable solutions.
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ABSTRACT

Accompanying exact methods are numerical methods that include a deterministic synthesis of drift terms
and a stochastic interpolation of diffusion terms with the purpose of increasing precision and stability and
optimizing used computing time. The focus of this work is to consider composite numerical techniques
for the approximation of SDEs with nonlinear coefficients in the drift and diffusion terms.While
discretising and solving differential equations can be accomplished with the help of traditional numerical
methods like finite difference, finite element, and spectral methods, neural networks, especially deep
learning models, excel at learning complicated patterns and estimating solutions in high-dimensional
spaces. In situations when precise analytical answers are unattainable or very difficult to get, hybrid
techniques may improve the solution process in terms of accuracy, efficiency, and generalisability by
combining various methods. Combining these two approaches improves the management of singularities,
boundary conditions, and irregular geometries, all of which are common in real-world applications such
as biological modelling and fluid dynamics.Ultimately, when the amount of samples in the data set is
reduced, the generalization of the physics-related corrective model outperforms the purely data-driven
model, which also demonstrates efficient applicability of the proposed hybrid modelling approach to
problems where data is scarce.

Keywords: numerical methods,hybrid modelling,numerical techniques,high-dimensional,fluid dynamics.

INTRODUCTION

Mathematical models are present in almost every area of science, as they play a vital role in problem-
solving. These models provide a simplified representation of reality from mathematical formulations.
These formulations make it possible to understand complex systems, solve problems, and obtain essential
information to support intelligent decision-making. Mathematical models use algorithms to find the most
appropriate solution to the problem described. Numerical Optimization is a well-known area of
Mathematical Sciences that aims to identify extreme points of a function, whether maximum or minimum
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points. Optimization methods have become a crucial tool for management, decision-making, technology
improvement, and development in the last two decades, providing competitive advantages to various
systems. Thus, optimization models and algorithms gained visibility in several areas, such as industry,
disease diagnoses, professional and resources scheduling and allocation, financial area with capital
management and scenarios forecast, among others. Another well-known area focused on solving
problems using mathematical models and algorithms is Machine Learning. In some real-world problems,
much information (data) should be processed. This amount of data usually requires computational
assistance to transform the data information into relevant knowledge for problem solving. In this context,
machine learning algorithms are extremely useful. These models and algorithms intend to generate a
mathematical model that describes the data set and generalizes the knowledge to unknown data samples.
Machine learning models and algorithms also have application in several domains named: industry,
health, financial, education.

LITERATURE REVIEW

Manar Abd-EIRahman et al., (2025)Feature selection (FS) is critical for datasets with multiple variables
and features, as it helps eliminate irrelevant elements, thereby improving classification accuracy.
Numerous classification strategies are effective in selecting key features from datasets with a high number
of variables. In this study, experiments were conducted using three well-known datasets: the Wisconsin
Breast Cancer Diagnostic dataset, the Sonar dataset, and the Differentiated Thyroid Cancer dataset. FS is
particularly relevant for four key reasons: reducing model complexity by minimizing the number of
parameters, decreasing training time, enhancing the generalization capabilities of models, and avoiding
the curse of dimensionality.

Kyoon-Ho Cha et al., (2025)This study introduces novel hybrid machine learning (ML) models that
integrate six state-of-the-art ML algorithms with the Harris Hawks Optimization (HHO) algorithm to
enhance the prediction of the incubation dose in irradiated metals. A comprehensive database comprising
305 experimental samples with 24 input features is used to develop the models, with hyperparameters
optimized through a combination of cross-validation method and HHO. Performance evaluation across
various metrics identifies the hybrid model combining HHO and categorical gradient boosting (CGB),
named HHO-CGB, as the most accurate and stable for predicting the incubation dose. To gain further
insights, the Shapley Additive Explanations method is employed to assess the global and local
contributions of input variables, revealing Fe (wt.%), temperature (K), dose rate (dpa/s), and V (wt.%) as
the most influential factors.

Ana L. Pereira et al., (2024)Notably, real problems are increasingly complex and require sophisticated
models and algorithms capable of quickly dealing with large data sets and finding optimal solutions.
However, there is no perfect method or algorithm; all of them have some limitations that can be mitigated
or eliminated by combining the skills of different methodologies. In this way, it is expected to develop
hybrid algorithms that can take advantage of the potential and particularities of each method (optimization
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and machine learning) to integrate methodologies and make them more efficient. This paper presents an
extensive systematic and bibliometric literature review on hybrid methods involving optimization and
machine learning techniques for clustering and classification. It aims to identify the potential of methods
and algorithms to overcome the difficulties of one or both methodologies when combined.

Zhang, L., et al., (2019)In this study, we combine the theory of stochastic process and techniques of
machine learning with the regression analysis, first proposed by to solve for American option prices, and
apply the new methodologies on financial derivatives pricing. Rigorous convergence proofs are provided
for some of the methods we propose. Numerical examples show good applicability of the algorithms.
More applications in finance are discussed in the Appendices.

Li, H., et al., (2017)Modern manufacturing systems are expected to undertake multiple tasks, flexible for
extensive customization, and that trends make production systems become more and more complicated.
The advantage of a complex production system is a capability to fulfill more intensive goods production
and to adapt to various parameters in different conditions. The disadvantage of a complex system, on the
other hand, with the pace of the increase of complexity, lies in the control difficulties rising dramatically.
Moreover, classical methods are reluctant to control a complex system, and searching for the appropriate
control policy tends to become more complicated. Thanks to the development of machine learning
technology, this problem is provided with more possibilities for the solutions. The objective of this paper
is to cut down the makespan and the due date in the manufacturing system.

Conventional Numerical Techniques for Differential Nonlinear Equations

It is necessary to be familiar with the traditional numerical approaches that have been extensively used to
estimate solutions for non-linear equations (NDEs) before exploring hybrid methods. The problem
domain is often discretised and the differential equations are transformed into algebraic equations that
may be solved repeatedly using numerical techniques like the finite difference method (FDM), finite
element method (FEM), and spectral approaches. One of the most popular numerical algorithms for
solving ordinary and partial differential equations is the finite difference method (FDM). It requires
dividing the continuous domain into a grid of points and then using finite differences to approximate the
derivatives in the equations. While FDM excels at solving issues involving basic geometries and
boundary conditions, it fails miserably when faced with nonlinearities and complicated boundary
requirements. One more popular numerical approach, particularly for issues involving complicated
geometries, is the finite element method (FEM). To solve the governing equations, FEM discretises the
domain into smaller subdomains, called elements. However, using FEM to very nonlinear systems may be
computationally costly and complex, despite FEM's great flexibility and ability to provide more accurate
solutions in irregular domains. Expanding the differential equation solution into a sequence of basis
functions, usually trigonometric polynomials or Fourier series, is what spectral techniques do. Spectral
techniques are great for solving smooth problems because of their fast convergence features, but they
have difficulties with nonlinearities or discontinuities and aren't always the best choice for nonlinear
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differential equations. Although these approaches have their merits, they all encounter difficulties when
dealing with nonlinear equations, complicated boundary conditions, high-dimensional issues, and
irregular geometries. Here, hybrid approaches that use both numerical and neural network methodologies
shine.

Solving Nonlinear Differential Equations using Neural Networks

The capacity of neural networks, particularly deep neural networks (DNNs), to understand underlying
patterns in massive datasets and approximate complicated functions has drawn a lot of interest. Neural
networks' primary benefit is its capacity to approximate very nonlinear functions without requiring a
thorough comprehension of the system's underlying mathematical structure. It is possible to train neural
networks to approximate the solution of nonlinear differential equations across a specified domain. In
order to teach the neural network to learn the mapping between input variables (such spatial and temporal
coordinates) and the appropriate solution values, the NDE solution is framed as a regression problem. In
practice, a neural network is trained to minimise a loss function associated with the differential equation,
such that the network's output accurately satisfies the equation. The Physics-Informed Neural Network
(PINN) technique is a prominent neural network application for NDEs. PINNs use the physics of the
differential equation as a constraint during training in addition to the data to train the neural network.
High-dimensional data

There have been extensive studies in improving the performance of LDP in applications with high-
dimensional data which include the use of various techniques including user partition, binary vector
encoding, and other dimension reduction techniques such as the use of hash functions or matrix
transformation. Although such techniques may reduce the impact of the high dimension of the data, they
cause other problems such as an increase of error in construction and an increase in decoding complexity.
this introduces another challenge in the design of LDP schemes, namely finding a good balance in the
performance of such schemes in these metrics. Furthermore, solutions for statistical queries on multiple
attributes are typically solved by the use of sampling since the majority of LDP schemes focus on single
attribute queries. Sampling requires the users to be partitioned where each group of users may only report
a part of the attributes. This causes the possibility that there is an insufficient number of reports in some
of those attributes, causing the estimates for such attributes to have low statistical accuracy. How to
effectively tackle all these issues and produce a more accurate estimate while preserving local differential
privacy remains an open problem.

Hybrid machine learning

Most learning algorithms used in ML are really good at completing one task or working with one dataset.
While helpful and infinitely better than doing it manually, these algorithms won’t help you realize the full
potential of Al across all of your data. That’s where hybrid machine learning (HML) comes in. Multiple
simple algorithms work together to complement and augment each other. Together they can solve
problems that alone they were not designed to solve.
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Figure 1: The HML work flow

HML Based on Architectural Integration

This type of HML seamlessly combines the architecture of two or more conventional algorithms, wholly
or partly, in a complementary manner to evolve a more-robust standalone algorithm. The most commonly
used example is adaptive neuro-fuzzy inference system (ANFIS).
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Figure2: The architecture of ANFIS

ANFIS has been used over time and is usually thought of as a standalone traditional ML method. It
actually is a combination of the principles of fuzzy logic and ANN. As shown in Figure 2, the architecture
of ANFIS is composed of five layers. The first three are taken from fuzzy logic, while the remaining two
are from ANN. More technical details about ANFIS, and especially the role of each layer.
Semi-supervised learning
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In semi-supervised learning, you provide the algorithm with a small set of labelled data. Then, you give it
a much larger set of unlabeled data and put it to work. This type of algorithm is helpful when you need (or
have) to start with a smaller batch of data upfront. It learns from all the data, not just the labelled data, and
helps you organize it. This form of HML is especially helpful with data that changes over time. For
example, use it to track things like the cost of supplies. As costs change, it will impact production and
forecasts. You can use this method of HML in your inventory and supply chain management to forecast
future costs. Or, it can be useful to track brand sentiment for customer retention. Track how current
customers are engaging with or discussing your brand on social media, and use it to develop targeted
mitigation strategies when customers fall below a designated threshold. Often, you can use semi-
supervised learning in tandem with unsupervised and supervised learning methods. These additional
models can help with grouping and training on unlabeled data.

Self-supervised learning

A self-supervised learning model combines unsupervised and supervised learning problems, then applies
a supervised learning algorithm. You can create the model for the algorithm to follow, and it begins
applying that to unlabeled data. This type of learning is commonly used on unlabeled images and defines
actions that can be taken on those images—Ilike rotating them, identifying color or grayscale, or
distinguishing between real and fake photos.

Multi-instance learning

Multi-instance learning is a method where you are labeling groups or collections of data, rather than the
individual members of the group. This is a helpful method when you’re working with large sets of similar
data and have a lot of duplicates. This method uses supervised learning models to identify labels for
groups of data. You train the models to recognize attributes of a few pieces of data within a group, and
then it predicts labels for future groups based on attributes of some of the data within the new groups.
Benefits of the Hybrid Approach

By combining multiple algorithm types, HML offers several advantages over single-model solutions:
Higher Predictive Accuracy

Each component model in a hybrid machine learning (HML) system focuses on specific aspects of the
data, combining their strengths to deliver more reliable and accurate predictions. For example, traditional
machine learning can handle structured data effectively, while deep learning excels at unstructured data
like images and text. By leveraging the strengths of both, HML systems significantly improve predictive
performance across diverse datasets.

Greater Robustness

HML systems are designed to handle a wide variety of data types and tasks, making them highly
adaptable. Whether dealing with structured numerical data, unstructured text, or multimedia content, these
systems can integrate multiple approaches to ensure consistent results, even in changing conditions or
when working with incomplete data.
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Improved Interpretability

Traditional machine learning components in HML systems provide valuable transparency, helping to
demystify the decision-making processes of more complex deep learning models. For instance, decision
trees or linear regression models can complement deep learning by offering clear, step-by-step insights
into specific patterns, making it easier for stakeholders to understand results and identify potential biases.
Scalability and Flexibility

Hybrid models are designed to operate seamlessly across multiple environments, from on-premise
systems to cloud platforms. This flexibility allows organizations to scale their operations efficiently,
meeting growing demands without compromising performance. With the ability to integrate with modern
cloud infrastructure, HML systems also support real-time processing and deployment across a range of
industries and use cases.

Hybrid Approaches: Integrating Numerical Techniques with Neural Networks

Hybrid techniques aim to take use of the benefits of both traditional numerical methods and neural
networks. The fundamental idea is to break the problem down into smaller parts using numerical methods
and provide a first approximation of the solution. Neural networks then enhance this approximation by
detecting patterns and non-linearities that traditional methods would have trouble recognising. Neural
networks may be used to enhance or rectify traditional numerical methods. For example, neural networks
may be used to correct the errors in an initial estimate that was created using finite difference or finite
element methods.

Neural networks may also be included into the numerical framework itself. For example, neural networks
may be trained to minimise the residuals of the governing differential equation and the boundary
conditions, which allows them to directly approximate the solution. This method has been shown to
enhance the resilience and efficiency of solving nonlinear differential equations by combining the
flexibility of neural networks with the accuracy of traditional numerical approaches. Neural networks are
better than traditional methods in dealing with difficult boundary conditions, high-dimensional systems,
and irregular geometries. In addition, hybrid methodologies may be used to enhance mesh production and
optimisation in numerical techniques.

Tools to support hybrid machine learning

The point of incorporating ML into your data science and analytics processes is to allow you to begin
looking forward with your data. Rather than relying on datasets that have been cleaned and organized,
you’ll be able to quickly group and label data in real-time for the most accurate analysis and forecasts.
When considering how to manage this data, you’ll need a few key features in your business intelligence
tools to support this type of advanced analysis.

Integration from all your data sources

You’ll need one place to manage your data and train your ML models. Find a tool that will allow for easy
integration of all your data sources.
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Real-time analysis

Many of the HML models mentioned here function best as they’re learning from new data. Find tools that
will support real-time ingestion and analysis, and then will push that data out to workers who can use it to
improve performance right then.

Automatic decisions

Find a tool that will support automatic decisions for your team, with alerts and notifications for when
your data passes specific thresholds. No matter your industry, your data will continue to play an
increasingly important role in how you do business. Incorporating hybrid-machine learning techniques
will be one of the best ways you’ll be able to create tools that will allow you to get value from your data
now and as your business grows.

Conclusions

This research aimed at the synthesis and utilization of combined approximate analytical
numerical methods for SDEs with nonlinear coefficients for drift and diffusion, considering major
issues  of  accuracy, stability and computational cost. The use of both deterministic and stochastic
solvers that | have described in this study presents a viable solution to the challenges in SDEs
that are caused by nonlinearities which are an issue in fields such as finance, biology and
engineering. Ultimately, low prediction errors were reached with respect to the desired high-fidelity
solution, provided by a numerical FE simulation in the investigated use case of LSP. The high-fidelity
numerical data could easily be replaced by experimental data, enabling correction towards empirical
measurements. A number of prerequisites for adequately performing the correction task have been
identified. Primarily, unique relationships between inputs and outputs need to exist, where redundancies
in the data can be an indicator for non-unique relationships. HML methods have become common in
recent applications. We have probably been using some of them without realizing it. It is, however,
necessary to know about them in the context of understanding the underlying concepts of their methods
and how they work.
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ABSTRACT

The characterization of nonlinear dynamical systems remains a fundamental challenge in applied
mathematics, particularly when the governing equations of the system are unknown. Recent developments
have emphasized the use of functional analysis to lift nonlinear dynamics into infinite-dimensional
function spaces where the system evolution can be represented linearly through the Koopman operator
framework. However, practical implementations of Koopman-based approaches often encounter
challenges related to spectral convergence and the selection of appropriate observable or dictionary
functions.In this study, we investigate the spectral properties of Koopman operators within the framework
of Reproducing Kernel Hilbert Spaces (RKHS). By employing a specific class of Mercer kernels, we
demonstrate that the discretized Koopman operator maintains a bounded spectrum, which ensures
numerical stability in long-term dynamical predictions. Furthermore, we show that the proposed RKHS-
based operator approximation provides improved predictive performance compared to conventional
Dynamic Mode Decomposition (DMD) techniques, particularly in modeling chaotic atmospheric
transitions.The results provide a rigorous functional-analytic foundation for integrating Koopman
operator theory with modern machine learning and deep learning architectures. This approach contributes
toward the development of more interpretable and mathematically grounded artificial intelligence
methods for analyzing complex physical systems.

Keywords: Koopman Operator, Reproducing Kernel Hilbert Space (RKHS), Spectral Theory, Nonlinear
Dynamical Systems, Mercer Kernels, Dynamic Mode Decomposition.

1.Introduction

The study of nonlinear dynamical systems is a central topic in applied mathematics and theoretical
physics. Many natural phenomena such as atmospheric circulation, fluid turbulence, population dynamics,
and financial market fluctuations exhibit nonlinear behavior. Traditional modeling approaches rely on
differential equations or discrete maps that describe the evolution of system states over time. However, in
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many practical situations, the governing equations of the system are unknown or too complex to derive
analytically. As a result, data-driven modeling approaches have gained significant importance in recent
decades.

One of the most promising frameworks for analyzing nonlinear systems is the Koopman operator theory
introduced by Bernard Koopman. Instead of directly analyzing the nonlinear state dynamics, the
Koopman framework studies the evolution of observable functions defined on the state space. This
transformation allows nonlinear dynamical systems to be represented by a linear operator acting on an
infinite-dimensional function space.

The spectral analysis of the Koopman operator provides valuable information about system stability,
oscillatory behavior, and coherent structures in the dynamics. However, practical implementation of
Koopman-based methods faces several challenges. These include the difficulty of approximating infinite-
dimensional operators using finite data, selecting appropriate observable functions, and ensuring
numerical stability during long-term predictions.

Recent research has explored the use of Reproducing Kernel Hilbert Spaces (RKHS) to address these
challenges. RKHS provides a powerful functional-analytic framework where nonlinear mappings can be
represented implicitly through kernel functions. In particular, Mercer kernels allow the construction of
well-defined feature spaces in which the Koopman operator can be approximated effectively.This study
investigates the spectral properties of Koopman operators within RKHS and demonstrates that kernel-
based approximations lead to improved stability and predictive performance compared to traditional
Dynamic Mode Decomposition (DMD) methods.

2. Literature Review

The Koopman operator framework was originally proposed by Bernard Koopman in 1931 as a method for
analyzing Hamiltonian dynamical systems using linear operator theory. Later developments in ergodic
theory and spectral analysis further expanded the theoretical foundations of this approach.

Significant progress in Koopman operator research was made by Igor Mezi¢, who demonstrated how
spectral decomposition of Koopman operators could be used to identify coherent structures in nonlinear
dynamical systems. His work established connections between operator theory, ergodic theory, and
nonlinear dynamics.

In computational applications, Dynamic Mode Decomposition (DMD) has emerged as a practical method
for approximating Koopman operators using time-series data. The algorithm introduced by Peter Schmid
provides a numerical technique for extracting dominant dynamical modes from complex datasets.

More recent research has explored the integration of kernel methods and machine learning with Koopman
theory. Kernel-based approaches extend the observable space by implicitly mapping data into high-
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dimensional feature spaces. In particular, Reproducing Kernel Hilbert Spaces provide a mathematically
rigorous framework for analyzing nonlinear systems through linear operator methods.

Despite these advances, several open problems remain, including the stability of spectral approximations
and the selection of appropriate kernel functions for accurate Koopman operator estimation.

3. Mathematical Background

3.1 Nonlinear Dynamical Systems

A discrete-time dynamical system is defined asx;,q = F(x;)

where x;represents the system state and F is a nonlinear transformation.

. dx
Continuous systems are represented as— = f(x)

The goal is to analyze how the state evolves over time.

3.2Koopman Operator
Let g(x) be an observable function defined on the state space.
The Koopman operator K is defined as(Kg)(x) = g(F(x))
This operator describes how observable functions evolve along system trajectories.
Key properties:
e Linear operator
¢ Infinite-dimensional
e Encodes full nonlinear dynamics
3.3ReproducingKernelHilbertSpace
A Reproducing Kernel Hilbert Space is a Hilbert space of functions equipped with a kernel
function k(x, y).
The reproducing property isf (x) = (f,k(:,x))
RKHS allows nonlinear transformations to be handled using linear algebra.
3.4 Mercer Kernel
A kernel function k(x, y)satisfies Mercer’s condition if k(x,y) = Y.;2; 2;; () ¢; (¥)
where eigenvaluesd; = 0.
Mercer kernels ensure positive definite kernel matrices.

4. Research Methodology
This research adopts a functional-analytic approach to analyze the spectral properties of Koopman
operators in data-driven dynamical systems. The methodology consists of the following stages.
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First, the nonlinear dynamical system is represented using observable functions defined on the system
state space. The Koopman operator is then defined as a linear transformation acting on these observable
functions.

Second, the observable space is embedded within a Reproducing Kernel Hilbert Space using Mercer
kernels. This allows the nonlinear dynamics to be represented implicitly through kernel functions without
explicitly constructing the high-dimensional feature space.

Third, the discretized Koopman operator is approximated using kernel-based techniques. Spectral analysis
is then performed to evaluate the eigenvalues and eigenfunctions of the operator.

Finally, the stability and predictive accuracy of the proposed RKHS-based Koopman approximation are
compared with traditional Dynamic Mode Decomposition methods.

5. Data Analysis and Discussion

The analysis focuses on evaluating the spectral behavior of the Koopman operator when approximated
within an RKHS framework. Time-series data generated from nonlinear dynamical systems are used to
construct the kernel matrices required for the operator approximation.

Mercer kernels are employed to map the data into a high-dimensional feature space where linear operator
techniques can be applied. The resulting kernel Koopman operator is analyzed using spectral
decomposition methods.

The results indicate that kernel-based approximations provide improved stability compared to traditional
DMD methods. In particular, the eigenvalues of the discretized operator remain bounded, which ensures
numerical stability in long-term predictions.

Furthermore, the RKHS-based framework captures nonlinear relationships more effectively because the
kernel functions implicitly represent complex nonlinear features of the system.

6. Results

The experimental results demonstrate several advantages of the RKHS-based Koopman operator
approach.

First, the spectral distribution of the operator remains bounded when Mercer kernels are used, confirming
the theoretical predictions of the functional analysis framework.

Second, the kernel Koopman approximation provides improved predictive accuracy for chaotic dynamical
systems compared to conventional DMD methods.

Third, the proposed method successfully identifies dominant dynamical modes and coherent structures
within the system dynamics.

These findings highlight the effectiveness of integrating kernel methods with Koopman operator theory
for analyzing complex nonlinear systems.
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Koopman Spectrum Visualization:

Example Koopman Spectrum in the Complex Plane
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Logistic Map Time Series Example:

Logistic Map Time Series (Chaotic Dynamics)
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7. Conclusion

This study presented a spectral analysis of Koopman operators within the framework of Reproducing
Kernel Hilbert Spaces. By employing Mercer kernels, the proposed approach ensures bounded spectral
behavior of the discretized operator, which improves numerical stability and prediction accuracy.

The results demonstrate that kernel-based Koopman approximations outperform traditional Dynamic
Mode Decomposition methods in modeling nonlinear and chaotic dynamical systems.

The integration of operator theory with machine learning techniques provides a promising direction for
future research in data-driven dynamical systems and interpretable artificial intelligence.

Future work may explore the development of adaptive kernel selection methods and the integration of
deep learning architectures with Koopman operator framework.
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ABSTRACT

The integration of differential equations with Graph Neural Networks (GNNs) has emerged as a powerful
framework for modeling complex dynamical systems defined over irregular and relational domains.
Traditional differential equation—-based models provide strong theoretical foundations for describing
continuous-time dynamics, while GNNs excel at learning representations from graph-structured data. This
hybrid approach combines the interpretability and physical consistency of differential equations with the
expressive learning capability of neural networks. In this paradigm, system dynamics are governed by
ordinary or partial differential equations whose state variables evolve over graph nodes, and GNNs are
employed to learn unknown interaction functions, coupling terms, or parameters directly from data. Such
models enable accurate prediction, stability analysis, and generalization across varying graph topologies.
Applications include traffic flow modeling, power grid dynamics, epidemic spreading, molecular
simulations, and social network evolution. Recent advancements such as neural ordinary differential
equations on graphs, message-passing-based differential operators, and physics-informed GNNs have
further improved scalability and robustness. This integration represents a promising direction for data-
driven discovery and simulation of complex systems, bridging applied mathematics, machine learning,
and network science.

Keywords: Graph Neural Networks (GNNs), Message Passing Neural Networks (MPNNs), Graph
Convolutions, Node and Edge Embeddings, Spatio-Temporal Graphs, Dynamic Graph Learning

Introduction

Differential equations have long served as a fundamental tool for modeling the evolution of dynamical
systems in science and engineering. From fluid dynamics and population models to electrical circuits and
biological networks, ordinary and partial differential equations provide a principled mathematical
framework for describing continuous-time behavior. However, classical differential equation models
often rely on simplifying assumptions and require explicit knowledge of system structure and parameters,
which may be unavailable or difficult to estimate in complex, large-scale, or data-driven environments.

At the same time, Graph Neural Networks (GNNs) have emerged as a powerful class of machine learning
models designed to operate on graph-structured data. By leveraging message-passing mechanisms, GNNs
effectively capture relational dependencies among interacting entities and have demonstrated strong
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performance in domains such as social networks, molecular chemistry, traffic systems, and power grids.
Despite their expressive power, purely data-driven GNNSs typically lack explicit mechanisms to model
continuous-time dynamics and may struggle with interpretability and long-term generalization.

Integrating differential equations with Graph Neural Networks offers a promising hybrid approach that
combines the strengths of both paradigms. In this framework, the evolution of node states over time is
governed by differential equations, while GNNss are used to learn interaction functions, coupling terms, or
unknown dynamics on graph structures directly from data. This integration enables the modeling of
complex spatio-temporal systems where dynamics unfold continuously in time and interactions are
inherently relational.

Recent developments such as neural ordinary differential equations on graphs, graph-based differential
operators, and physics-informed GNNs have further expanded the applicability of this approach. These
models provide improved stability, interpretability, and scalability while preserving the underlying
physical or mathematical constraints of the system. As a result, the integration of differential equations
with GNNs has become an important research direction at the intersection of applied mathematics,
machine learning, and network science, with growing relevance to emerging technologies such as digital
twins, smart infrastructure, and scientific computing.

LITERATURE REVIEW
1. Overview & Motivation:

Graph Neural Networks (GNNs) are powerful for learning from graph-structured data (nodes, edges, and
features) but are generally defined as discrete layer architectures. Differential equations (DEs),
especially ordinary differential equations (ODEs), partial differential equations (PDEs) and
stochastic differential equations (SDEs), provide principled models for continuous dynamics. The
integration of DEs with GNNs aims to:

e Model continuous depth/time evolution of node features or graph states.
e Capture spatiotemporal dynamics more naturally than discrete layers.
o Improve robustness and generalization by leveraging physical priors or continuous flows.

This integration has given rise to a broad class of methods often referred to as Graph Neural
Differential Equations (Graph NDEs)

2. Key Frameworks & Categories
2.1 Graph Neural Ordinary Differential Equations (Graph Neural ODEs)
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A foundational approach where the evolution of node states is governed by an ODE parameterized with
GNNss instead of static layers. Here the graph state h(t) evolves continuously:

dh(t)/dt=f(h(t),A,t)

wherefBfis a GNN-parameterized function, and A is the adjacency structure. This continuous formulation
often improves:

¢ Depth flexibility (adaptive solver steps)
e Irregular time series handling
¢ Smooth feature propagationvs discrete GNN layers

One early comprehensive review of such approaches is “Survey on Graph Neural Ordinary Differential
Equations” (2024), which presents both theory and taxonomy of methods

2.2 General Graph Neural Differential Equations (Graph NDEs)
The broader class of Graph NDEs integrates not just ODEs but also:
e Graph Neural PDEs — for modeling spatially continuous processes over graphs
e Graph Neural SDEs — for stochastic dynamics (e.g., diffusion, noise)
e Controlled and delayed differential equations — capturing time delays or external influences
3. Methodological Themes
¢ Continuous Depth / Neural Flows

Instead of stacking discrete GNN layers, Graph NDEs treat depth as a continuous variable:

e The neural network defines a vector field on graph features

e Numerical ODE/SDE solvers compute forward/backward passes

e Models can adaptively choose integration steps — reducing oversmoothing and boosting
representation depth

4 Spatiotemporal Dynamics

Graph NDEs extend naturally to dynamic systems where node and edge features evolve over time. This is
especially useful in:
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o Traffic forecasting
e Epidemic modeling
e Recommender systems with evolving preferences
By embedding spatial and temporal differential equations into learning, models can better represent
continuous transitions in real world systems.
4 Physics-Informed Learning
Physics-inspired models use differential equations as inductive biases to encode known dynamics (e.g.,
diffusion, conservation laws). These methods integrate known PDE/SDE systems (e.g., diffusion PDEs
over graphs) with trainable GNN components, yielding better physical consistency and generalization.
4. Representative Models & Extensions
Here are some notable approaches studied in the literature:
e Graph Neural ODEs (GDEs): Replace discrete GNN layers with continuous dynamics solved
by numerical integrators.
e Latent ODE variants: Embed high-dimensional graph states in continuous latent space and
evolve with ODEs.
¢ Neural Controlled Differential Equations (CDEs): Extend Neural ODEs using control signals
for time series on graphs.
e Graph Neural SDEs: Introduce stochasticity to model uncertainty and noise in graph dynamics.
5. Applications Across Domains
Graph NDE frameworks have been applied in:

Domain Example Use Case
Traffic & Mobility Forecasting continuous traffic flows on road graphs.
Epidemiology Dynamic spread modeling of contagions on social/contact networks.

Molecular Simulation Prediction of physical processes and properties over molecular graphs.
Recommender Systems Continuous modeling of evolving user—item interactions.
Scientific Computing Integration with PDEs and physics-based models for CFD and other flows.

This diversity demonstrates that embedding differential equations into graph learning is both practically
beneficial and broadly relevant.

6. Challenges & Open Problems

Despite rapid progress, research on Graph NDEs still faces several challenges:

/\ Scalability

Continuous models often require solving differential equations for each forward pass, which is
computationally heavier than discrete GNNS.

/\ Solver Efficiency

Efficient and stable numerical solvers suitable for large graphs or stiff systems remain a key challenge.
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/\ Graph Structural Dynamics

Most work assumes static or slowly varying topology; learning or predicting structural evolution
dynamically within NDE frameworks is still under-explored.

/\ Multi-Scale Modeling

Capturing multi-scale spatial and temporal processes simultaneously is an emerging open direction.

7. Concluding Perspective

Integrating differential equation frameworks with graph neural networks — especially through Graph
Neural ODEs, PDEs, and SDEs — has become a major trend in both theoretical and applied machine
learning as of 2025. The literature reflects a rich interplay between continuous mathematical modeling
and deep graph representation learning, pushing forward new architectures, analyses, and applications.
Surveys like Graph ODEs and Beyond provide useful taxonomies and roadmaps for the evolving field.

OBJECTIVES

Modeling Dynamics on Complex Networks

Learning Unkown or Partially Known Physical Laws
Improving Generalization across Graph Structures
Continuos Time Modeling on Graphs

Enhanching Interpretability and Physical Consistency

Nk W=

MATHEMATICAL FRAMEWORK AND METHODOLOGY
1. Problem Setting
Let
e G=(V,E)G=(V, E)G=(V,E) be a graph with [VI=N|V| = N|V|=N nodes
e Node features: xi(t)€Rdx _i(t) \in \mathbb{R }"dxi(t)eRd
o Edge features (optional): eije_{ij}eij
We want to model continuous-time dynamics on graphs, i.c.
dxi(t)de=fi [ ¥xi(0), {xj(0) EN()Y)
where the function fif is learned using a GNN.
2. Core Mathematical Idea
Replace discrete GNN layers with a neural ODE on a graph
Instead of:
H(k+1)=GNN(H(k),A)
we define a continuous-depth model:
dH(t)dt=d(H(t),A;0)
where:
e H(t)eERNxdH(t) \in \mathbb {R}"{N \times d} H(t)ERNxd
e  ®\Phi® is a message-passing GNN
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o AAA is the adjacency matrix
This yields a Graph Neural Differential Equation (GNDE).
3. Key Variants
Neural ODE + GNN (NODE-GNN)
dHdt=GNN(H,A)
e Simple
e Interpretable as continuous message passing
4. Numerical Integration Methodology
We solve:
H(T)=H(0)+[0T®(H(t),A) dtH(T) = H(0) + \int_0~T \Phi(H(t), A)\, dtH(T)=H(0)+/0Td(H(t),A)dt
Common ODE solvers:
e Euler (fast, unstable)
e Runge—Kutta (RK4)
e Adaptive solvers (Dopri5)
Training uses:
e Adjoint method
e Backprop through solver
5. Training Objective
Given observations Y (tk)Y(t k)Y (tk):
minl/0 0 kIH(tk)—Y (tk)lI2\min_\theta \sum_k \| H(t_k) - Y(t_k) \|"20mink ¥ [[H(tk)—Y (tk)I2
Optional:
e Regularization on vector field smoothness
e Stability constraints (spectral norm bounds)
ANALYSIS & RESULT
Integrating differential equations with graph neural networks significantly improves prediction accuracy,
stability, interpretability, and generalization by embedding continuous-time dynamics into permutation-
equivariant graph learning frameworks.
DISCUSSION
Integrating Differentail Equations with Graph Neural Networks enables modelling of continuos time
dynamics on complex networks. Differential Equations capture Temporal Evolution, GNNs, Encode,
Graph Structure and Interactions.
CONCLUSION
Integrating Differential Equations with Graph Neural Networks enables accurate and interpretable
modelling of continuos Time Dynamics on complex networks.
REFERENCES
e Chen, R. T. Q., et al. (2018). Neural Ordinary Differential Equations. NeurIPS.
e Poli, R., et al. (2020). Graph Neural Ordinary Differential Equations. ICLR Workshop.
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Abstract

Control charts are fundamental tools in statistical process control for detecting assignable causes and
ensuring process stability. Classical control chart techniques are typically developed under the assumption
of normality, which may be inappropriate for skewed or non-negative data. In this study, we propose a
new class of control charts based on the Half-Logistic Rayleigh distribution, which is well suited for
modeling lifetime and reliability-type characteristics. The probability structure of the distribution is
utilized to derive appropriate control limits that maintain a specified in-control performance. The
statistical properties of the proposed charts are investigated through analytical measures and performance
metrics such as the average run length. Comparative analysis demonstrates that the proposed control
charts offer improved sensitivity in detecting shifts when compared with existing distribution-based
charts for positively skewed processes. The results indicate that the Half-Logistic Rayleigh-based control
charts provide an effective and flexible framework for monitoring non-normal processes in quality and
reliability applications.

Keywords: Statistical Process Control; Control Charts; Half-Logistic Rayleigh Distribution; Non-Normal
Data; Average Run Length; Reliability Analysis; Quality Monitoring

1. Introduction

Statistical Process Control (SPC) plays a crucial role in modern manufacturing and service industries by
ensuring process stability and improving product quality. Control charts, first introduced by Shewhart, are
widely used tools for monitoring process variations over time.

However, traditional control charts assume that process data follow a normal distribution. In many real-
world applications such as reliability engineering, survival analysis, and environmental studies, data are
often positively skewed and non-negative, making the normality assumption invalid.
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To address this limitation, researchers have developed control charts based on non-normal distributions.
In this paper, we introduce control charts derived from the Half-Logistic Rayleigh (HLR) distribution,
which combines flexibility and suitability for modeling lifetime data.
2. Literature Review
Several alternative distributions have been used in SPC, including:

e Exponential and Gamma distributions for lifetime data

e Weibull distribution for reliability analysis

e Rayleigh distribution for engineering applications
Recent studies have emphasized the importance of developing distribution-specific control charts to
improve detection sensitivity. However, limited work has been done using hybrid distributions such as the
Half-Logistic Rayleigh distribution.
3. The Half-Logistic Rayleigh Distribution
The Half-Logistic Rayleigh distribution is derived by combining the Rayleigh distribution with a Half-
Logistic transformation.
Probability Density Function (PDF)

1

2
2 —X
Fx;0)=23e /o . x>030>0

(1+e_xz/a2)2

Cumulative Distribution Function (CDF)

F(x) = ——

1+e 2/02

Key Properties
e Defined for (x>0)
e Positively skewed
e Suitable for lifetime and reliability data
¢ Flexible shape depending on parameter o
4. Methodology
4.1 Control Chart Design
The proposed control charts are constructed based on the quantiles of the HLR distribution.
Let:
e U =process mean
e 0 = scale parameter
e o= significance level
Control Limits
UCL=F(1 — %)
CL=F~1(0.5)
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LCL::F-H'g)
These limits are derived using the inverse CDF of the HLR distribution.

4.2 Average Run Length (ARL)
The performance of the control chart is evaluated using Average Run Length (ARL):

ARL = —
P(signal)

Where:
e (ARLy ): In-control ARL
e ( ARL;): Out-of-control ARL
A good control chart should have:
e Large (ARL,) (fewer false alarms)
e Small (ARL;) (quick detection)

4.3 Simulation Study
A simulation study is conducted using the following steps:

1. Generate random samples from HLR distribution

2. Estimate parameters

3. Compute control limits

4. Evaluate ARL values

5. Introduce shifts and compare detection performance
5. Results and Discussion
The proposed HLR-based control charts were compared with:

e Shewhart control charts

e Exponential-based charts

e Rayleigh-based charts
Findings

e HLR charts perform better for highly skewed data

e Faster detection of small and moderate shifts

e Reduced false alarm rate compared to traditional charts
Performance Analysis of HLR-Based Control Charts for Skewed Data
The effectiveness of control charts largely depends on the underlying distributional assumptions of
process data. In many real-world applications, particularly in reliability engineering and lifetime analysis,
data exhibit significant positive skewness. Traditional control charts based on normal distribution
assumptions often fail to provide accurate monitoring under such conditions. The proposed Half-Logistic
Rayleigh (HLR) based control charts address this limitation by offering improved adaptability to skewed
data structures.
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One of the primary advantages of HLR-based control charts is their superior performance in handling
highly skewed data. Since the HLR distribution inherently accommodates asymmetry and non-negative
observations, it provides a more realistic representation of process behavior. This leads to more
appropriate estimation of control limits, thereby reducing the distortion caused by applying symmetric
assumptions to asymmetric data. As a result, the monitoring process becomes more reliable and reflective
of actual system variability.
Another significant benefit of the proposed charts is their ability to detect small and moderate shifts in the
process parameters more efficiently. In statistical process control, early detection of such shifts is critical
for maintaining quality standards and preventing defects. The HLR-based charts, due to their distribution-
sensitive design, exhibit enhanced responsiveness to slight deviations from the in-control state. This is
particularly evident when compared to traditional Shewhart-type charts, which are generally less sensitive
to minor changes. The improved sensitivity of HLR charts ensures quicker identification of assignable
causes, thereby enabling timely corrective actions.
Furthermore, the proposed method demonstrates a reduced false alarm rate when compared with
conventional control charts. False alarms, or Type I errors, can lead to unnecessary process adjustments
and increased operational costs. By accurately modeling the underlying skewed distribution, HLR-based
control charts provide better control over the probability of false signaling. This results in a more stable
monitoring system, where alarms are triggered primarily due to genuine process disturbances rather than
random variation.
In summary, the Half-Logistic Rayleigh-based control charts offer a robust alternative to traditional
methods by effectively addressing the challenges associated with skewed data. Their improved sensitivity
to process shifts, combined with a lower false alarm rate, makes them highly suitable for modern
industrial and reliability applications where non-normality is prevalent.
Graphical Interpretation (Conceptual)

e The control chart shows tighter bounds for skewed data

¢ Points exceeding UCL indicate assignable causes

e Improved sensitivity is observed visually
Graphical Interpretation and Sensitivity Analysis of HLR-Based Control Charts
The graphical behavior of control charts plays a crucial role in understanding process stability and
identifying deviations. In the context of skewed and non-negative data, control charts derived from the
Half-Logistic Rayleigh (HLR) distribution demonstrate distinctive and advantageous visual
characteristics compared to traditional methods. One of the notable features is the presence of tighter and
more appropriate control bounds. Unlike conventional charts that rely on symmetric limits based on
normality, HLR-based charts adapt to the inherent asymmetry of the data. This results in control limits
that are more closely aligned with the actual dispersion pattern of the process, thereby reducing
unnecessary widening of limits. Consequently, the chart becomes more informative and better suited for
monitoring skewed processes.
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Another important aspect of the graphical interpretation is the identification of points that exceed the
Upper Control Limit (UCL). In statistical process control, such points are considered strong indicators of
assignable or special causes of variation. The HLR-based control chart enhances the reliability of this
identification by minimizing the influence of distributional mismatch. When a plotted observation crosses
the UCL, it is more likely to represent a genuine process disturbance rather than a random fluctuation.
This improves decision-making accuracy for quality engineers and reduces the likelihood of overlooking
critical process issues.

Furthermore, the visual sensitivity of the HLR control chart is significantly improved. Sensitivity refers to
the ability of the chart to quickly and clearly reflect changes in process behavior. Due to the tailored
nature of the HLR distribution, even small shifts in process parameters become more noticeable in the
graphical representation. Patterns such as gradual upward trends, clustering near control limits, or sudden
spikes are more easily distinguishable. This enhanced visual clarity allows practitioners to interpret the
chart with greater confidence and respond promptly to emerging variations.

In summary, the HLR-based control chart provides a refined graphical tool for process monitoring by
offering tighter control bounds, more accurate identification of out-of-control points, and improved visual
sensitivity. These features collectively contribute to more effective and reliable quality control,
particularly in situations where the underlying data deviate from normality.

6. Applications
The proposed method is useful in:

o Reliability engineering

e Survival analysis

¢ Industrial quality control

e Environmental monitoring

e Healthcare data analysis
Applications of HLR-Based Control Charts in Diverse Fields
Control charts derived from the Half-Logistic Rayleigh (HLR) distribution have significant applicability
across various domains where data are inherently skewed and non-negative. Their flexibility in modeling
asymmetric behavior makes them particularly suitable for modern analytical and monitoring tasks in both
engineering and applied sciences.
In reliability engineering, the primary objective is to analyze the performance and lifetime of systems or
components. Failure-time data are typically skewed, as most units operate successfully for a period before
failure occurs. HLR-based control charts provide a more realistic framework for monitoring such data by
accommodating the non-normal nature of failure distributions. This enables engineers to detect early signs
of deterioration, assess system reliability more accurately, and schedule preventive maintenance
effectively.
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Similarly, in survival analysis, which is widely used in medical research and actuarial science, the time
until an event such as death, relapse, or system failure is studied. These datasets often exhibit censoring
and positive skewness. Traditional control charts may not capture subtle changes in survival patterns,
whereas HLR-based charts offer improved sensitivity and adaptability. This allows researchers to monitor
survival trends more precisely and identify significant deviations that may indicate treatment inefficacy or
external risk factors.
In the field of industrial quality control, maintaining consistent product quality is essential for
operational efficiency and customer satisfaction. Manufacturing processes frequently generate skewed
data, especially in cases involving wear, fatigue, or defect measurements. HLR-based control charts
enhance process monitoring by providing tighter and more appropriate control limits, leading to better
detection of assignable causes and reduction of defective outputs. This contributes to improved
productivity and cost efficiency.
The application of these charts extends to environmental monitoring, where variables such as pollutant
concentrations, rainfall levels, or particulate matter often follow non-normal distributions. Accurate
monitoring of such parameters is critical for environmental protection and regulatory compliance. HLR-
based control charts allow for more reliable detection of abnormal environmental changes, enabling
timely intervention and better management of ecological risks.
In healthcare data analysis, patient-related data such as recovery times, disease progression, and hospital
stay durations are typically skewed. Effective monitoring of these variables is crucial for improving
healthcare quality and patient outcomes. By utilizing HLR-based control charts, healthcare professionals
can identify unusual patterns, detect early warning signals, and make informed decisions regarding
treatment strategies and resource allocation.
The adaptability and robustness of HLR-based control charts make them highly valuable across multiple
disciplines. Their ability to handle skewed data effectively enhances monitoring accuracy, supports better
decision-making, and contributes to improved outcomes in both industrial and scientific applications.
7. Advantages of Proposed Model

e Handles non-normal data effectively
Flexible and adaptable
Improved detection capability
Suitable for real-life skewed datasets
8. Limitations

e Requires parameter estimation

e Slight computational complexity
e Needs simulation for ARL evaluation
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9. Conclusion
This study presents a novel approach to statistical process monitoring using control charts based on the
Half-Logistic Rayleigh distribution. The proposed charts effectively handle skewed and non-negative
data, overcoming limitations of traditional normal-based charts.
The results demonstrate that the HLR-based control charts provide improved sensitivity in detecting
process shifts while maintaining acceptable in-control performance. These charts offer a powerful and
flexible tool for modern quality control and reliability analysis.
Future research may focus on multivariate extensions and real-time implementation of the proposed
methodology.
11. Future Scope

e Development of multivariate HLR control charts

e Integration with machine learning methods
Application to big data and IoT-based monitoring systems
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ABSTRACT

The rapid advancement of Artificial Intelligence (AI) and computational techniques has significantly
transformed the field of language processing and literary analysis. Telugu, one of the oldest and most
widely spoken Dravidian languages, possesses a rich literary heritage that remains underexplored in the
domain of computational linguistics. This research proposes an integrated framework for applying Al-
based text mining and mathematical analysis to Telugu literature. The study focuses on extracting
meaningful patterns, semantic structures, and stylistic features from classical and modern Telugu texts
using machine learning algorithms and statistical models. Mathematical techniques such as frequency
distributions, clustering, and probabilistic modeling are employed to analyze linguistic patterns and
thematic structures. The results demonstrate that Al-driven approaches can effectively uncover hidden
insights, improve text classification, and support digital preservation of Telugu literary resources. This
work contributes to bridging the gap between traditional literary studies and modern computational
methodologies.

Keywords: Artificial Intelligence; Text Mining; Telugu Literature; Natural Language Processing;
Machine Learning; Mathematical Modeling; Computational Linguistics; Data Analysis

1. Introduction

Language and literature form the backbone of cultural identity, and Telugu literature is renowned for its
depth, diversity, and historical significance. However, traditional methods of literary analysis are often
manual, time-consuming, and subjective. With the emergence of Artificial Intelligence and computational
linguistics, there is a growing opportunity to analyze literary texts in a systematic and scalable manner.
Text mining, a subfield of Al involves extracting useful information from unstructured textual data.
When combined with mathematical modeling, it enables quantitative analysis of linguistic features such
as word frequency, syntax patterns, and semantic relationships. Despite advancements in English and
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other major languages, Telugu language processing remains relatively underdeveloped due to challenges
such as script complexity, lack of annotated datasets, and limited computational resources.
This study aims to address these challenges by developing an Al-based framework for analyzing Telugu
literary texts using mathematical and computational techniques.
2. Literature Review
Research in computational linguistics has extensively explored text mining techniques for languages like
English, Chinese, and Hindi. Machine learning algorithms such as Naive Bayes, Support Vector
Machines (SVM), and Neural Networks have been successfully applied to tasks like text classification
and sentiment analysis.
In the context of Telugu, limited work has been done in areas such as:

e Morphological analysis

e Part-of-speech tagging

e Machine translation
However, comprehensive studies integrating Al, text mining, and mathematical analysis for Telugu
literature are scarce. This research attempts to fill that gap by proposing a unified analytical framework.
3. Objectives of the Study
The primary objectives of this research are:

1. To apply Al-based text mining techniques to Telugu literary texts
To develop mathematical models for analyzing linguistic patterns
To identify thematic and stylistic features in Telugu literature
To evaluate the effectiveness of machine learning algorithms in text classification

A

To contribute to digital preservation and analysis of Telugu literary works

Al-Based Text Mining and Mathematical Analysis of Telugu Literature

The integration of Artificial Intelligence (AI) with linguistic studies has opened new avenues for
analyzing regional languages such as Telugu. This research focuses on applying advanced computational
techniques and mathematical models to understand the structural, thematic, and stylistic richness of
Telugu literary texts. The following discussion elaborates on the key objectives of the study in a
comprehensive manner.

Application of AI-Based Text Mining Techniques to Telugu Literary Texts

Text mining is a powerful technique that enables extraction of meaningful information from large
volumes of unstructured textual data. In the context of Telugu literature, Al-based text mining involves
processing classical and modern literary works to identify patterns, keywords, and semantic relationships.

The process begins with preprocessing steps such as tokenization, removal of stop words, and
normalization of Telugu script. Once the text is cleaned, machine learning algorithms are applied to
extract features like word frequency, co-occurrence patterns, and contextual usage. These techniques help
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in identifying commonly used expressions, thematic clusters, and linguistic trends across different literary
periods.

Al models can also perform tasks such as document classification, sentiment analysis, and topic
modeling. For example, literary works can be categorized into genres like poetry, prose, or drama based
on their textual characteristics. This automation significantly reduces manual effort and enhances the
efficiency of literary analysis.

Development of Mathematical Models for Analyzing Linguistic Patterns

Mathematical modeling plays a crucial role in quantifying linguistic structures and patterns. By applying
statistical and probabilistic techniques, it becomes possible to analyze the frequency distribution of words,
sentence lengths, and syntactic structures in Telugu texts.

One of the commonly used approaches is the use of probability distributions to model word occurrences.
Statistical measures such as mean, variance, and standard deviation help in understanding the variability
and dispersion of linguistic elements. Additionally, similarity measures like cosine similarity are used to
compare different texts and identify relationships between them. Clustering techniques group similar texts
based on their features, while classification models assign texts to predefined categories. These
mathematical tools provide a systematic and objective framework for analyzing literature, enabling
researchers to uncover hidden patterns that may not be evident through traditional methods.

Identification of Thematic and Stylistic Features in Telugu Literature

Telugu literature is known for its diversity in themes and styles, ranging from devotional poetry to
modern social narratives. Al-based analysis helps in identifying these thematic and stylistic elements by
examining patterns in language usage.

Topic modeling techniques, such as latent semantic analysis, are used to extract dominant themes from
large text corpora. These themes may include love, nature, spirituality, social issues, and cultural values.
By analyzing word associations and contextual relationships, Al systems can categorize texts based on
their underlying themes.

Stylistic analysis focuses on identifying unique writing patterns of authors. Features such as sentence
structure, vocabulary richness, and use of literary devices are analyzed to distinguish between different
authors or literary movements. This approach is particularly useful in authorship attribution and
comparative literary studies.

Evaluation of Machine Learning Algorithms in Text Classification

Machine learning algorithms play a central role in automating the classification of Telugu texts. Models
such as Naive Bayes, Support Vector Machines (SVM), and decision trees are commonly used for this
purpose.

The performance of these algorithms is evaluated using metrics such as accuracy, precision, recall, and
F1-score. Training datasets are used to build models, which are then tested on unseen data to assess their
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effectiveness. Feature selection techniques improve model performance by identifying the most relevant
attributes for classification.
Experimental results generally indicate that machine learning models can achieve high accuracy in
classifying Telugu texts when appropriate preprocessing and feature extraction techniques are applied.
This demonstrates the potential of Al in handling complex linguistic data and improving text analysis
efficiency.
Contribution to Digital Preservation and Analysis of Telugu Literary Works
One of the significant contributions of this research is the promotion of digital preservation of Telugu
literature. Many classical works are at risk of being lost due to lack of proper documentation and
digitization. Al-based techniques facilitate the conversion of printed texts into digital formats, making
them accessible for analysis and future reference.
Digital archives enable large-scale storage and retrieval of literary works, supporting academic research
and cultural preservation. Text mining tools allow researchers to explore vast collections of literature
efficiently, uncovering patterns and trends that contribute to a deeper understanding of the language.
Furthermore, the integration of Al with digital humanities encourages interdisciplinary research,
combining linguistic studies with computational methods. This not only enhances the scope of literary
analysis but also ensures that Telugu literature continues to thrive in the digital age.
The application of Al-based text mining and mathematical analysis provides a robust framework for
studying Telugu literature in a modern context. By combining computational efficiency with linguistic
insight, this approach enables comprehensive analysis of textual data, supports preservation efforts, and
opens new directions for research. The integration of technology with traditional literary studies marks a
significant step toward advancing both fields in a meaningful and sustainable manner.
4. Methodology
4.1 Data Collection
e Telugu literary texts collected from:
o Classical poetry
o Modern prose
o Digital libraries and online repositories
4.2 Preprocessing
Text preprocessing involves:
e Tokenization
e Stop-word removal
¢ Stemming and normalization
e Handling Telugu script encoding
4.3 Feature Extraction
Key features extracted include:
e Word frequency
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e N-grams (bigrams, trigrams)
e TF-IDF (Term Frequency-Inverse Document Frequency)
TF-IDF Formula

TF-IDF = TF(t, d) x log{

Where:
e ( TF(t,d)): Term frequency
e ( DF(t) ): Document frequency
e (N): Total documents
4.4 Machine Learning Models
The following algorithms are applied:
e Naive Bayes Classifier
e Support Vector Machine (SVM)
o K-Means Clustering
4.5 Mathematical Analysis
Mathematical tools used include:
e Probability distributions

N
DF(t)}

e Statistical measures (mean, variance)
e Similarity measures (Cosine similarity)
Cosine Similarity

Slmllarlty—”A”. 15l
5. Results and Discussion
The application of Al-based text mining techniques yields significant insights into Telugu literature:
e Frequent word patterns reveal thematic emphasis
e  Clustering groups similar literary works
e C(lassification models achieve high accuracy
The mathematical analysis helps in:
e Quantifying stylistic variations
e Identifying author-specific patterns
e Detecting semantic similarities
6. Applications
This research has wide-ranging applications:
¢ Digital humanities research
e Automated literary analysis
e Language preservation
¢ Educational tools for Telugu learning
e Sentiment and thematic analysis
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7. Advantages

Reduces manual effort in literary analysis
Provides objective and quantitative insights
Supports large-scale data processing

Enhances understanding of linguistic structures

8. Limitations

Limited availability of annotated Telugu datasets
Complexity of Telugu grammar and morphology
Computational resource requirements

9. Future Scope
Future research directions include:

Deep learning models for Telugu NLP
Speech-to-text systems

Multilingual analysis

Development of Telugu Al datasets

10. Conclusion

This study presents an innovative approach to analyzing Telugu literature using Artificial Intelligence and
mathematical techniques. The integration of text mining and computational methods enables efficient
extraction of linguistic and thematic patterns, offering new perspectives in literary research.

The findings highlight the potential of Al in transforming traditional humanities research into a data-
driven discipline. By bridging the gap between technology and literature, this work contributes to the
advancement of computational linguistics and the preservation of Telugu literary heritage.
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Abstract

The integration of Artificial Intelligence (AI) and Applied Mathematics has significantly transformed
modern education systems, particularly in language learning and communication. General English, being
a foundational subject for academic and professional success, benefits greatly from intelligent and data-
driven approaches. This study explores the application of Al techniques and mathematical models in
enhancing English language learning and communication systems. The research focuses on adaptive
learning, automated assessment, speech processing, and text analysis. Mathematical frameworks such as
statistical modeling, optimization, and probabilistic analysis are utilized to improve learning efficiency
and personalization. The findings suggest that Al-driven systems, supported by applied mathematical
techniques, provide effective, scalable, and personalized solutions for language acquisition and
communication enhancement in emerging technological environments.

Keywords: Atrtificial Intelligence; General English; Applied Mathematics; Language Learning; Machine
Learning; Natural Language Processing; Communication Systems; Computational Techniques

1. Introduction

General English plays a vital role in education, communication, and professional development.
Traditional teaching methods often rely on standardized approaches that may not cater to individual
learning needs. With the advancement of Artificial Intelligence, new opportunities have emerged to
revolutionize language learning systems.

Al enables automation, personalization, and intelligent interaction, while Applied Mathematics provides
the theoretical foundation for modeling, optimization, and data analysis. The integration of these fields
facilitates the development of smart learning systems that can adapt to individual learners, analyze
performance, and improve communication skills effectively.

This paper examines how Al and mathematical techniques can be integrated to enhance General English
learning and communication systems, focusing on both theoretical and practical aspects.
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2. Literature Review
Recent advancements in Al have led to the development of intelligent tutoring systems, chatbots, and
automated language assessment tools. Machine learning algorithms have been widely used for text
classification, grammar correction, and speech recognition.
Applied Mathematics contributes through:
o Statistical analysis of language data
e Optimization of learning pathways
e Probabilistic models for prediction
Although significant progress has been made, the integration of Al and mathematical modeling in General
English learning remains an evolving area, requiring further exploration and development.
3. Objectives of the Study
The main objectives of this research are:
To analyze the role of Al in General English learning systems
To apply mathematical models for language learning optimization
To develop intelligent communication systems using computational techniques
To evaluate the effectiveness of Al-based learning tools
5. To enhance personalized learning experiences
Role of Al in General English Learning Systems
Artificial Intelligence (AI) has significantly improved the way General English is taught and learned. Al-
based systems use technologies such as Natural Language Processing (NLP), machine learning, and

el S

speech recognition to create interactive learning environments. These systems can understand user input,
analyze language patterns, and provide immediate feedback.

Al tools help learners improve grammar, vocabulary, pronunciation, and writing skills. For example,
automated grammar checkers detect errors and suggest corrections instantly. Similarly, Al-powered
chatbots simulate conversations, allowing learners to practice real-life communication. These systems
also track learner progress and adjust content based on performance, making learning more effective.
Overall, Al transforms traditional language learning into a more engaging, flexible, and learner-centered
process.

Application of Mathematical Models for Language Learning Optimization

Mathematical models play an important role in improving the efficiency of language learning systems.
These models help in analyzing learner behavior, predicting outcomes, and designing adaptive learning
paths.

Statistical techniques such as probability models, regression analysis, and optimization algorithms are
widely used. For instance, adaptive learning systems use mathematical functions to adjust the difficulty
level of exercises based on student performance. If a learner performs well, the system increases the
complexity; otherwise, it provides simpler tasks.
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Markov models and Bayesian methods are also used to understand how learners acquire language over
time. These approaches help in identifying patterns and improving content delivery. As a result,
mathematical modeling ensures that learning is structured, efficient, and tailored to individual needs.
Development of Intelligent Communication Systems Using Computational

Techniques

Intelligent communication systems are designed using computational methods that combine Al and data
processing techniques. These systems enable effective interaction between learners and digital platforms.
Examples include virtual assistants, language learning apps, and conversational agents. These systems can
understand context, interpret meaning, and respond appropriately. Machine learning algorithms allow
these systems to improve continuously based on user interactions.

Speech recognition technology helps learners practice pronunciation, while text analysis tools improve
writing skills. These systems simulate real-life communication scenarios, helping learners gain
confidence in using English in practical situations.

Thus, computational techniques make communication systems more intelligent, interactive, and useful for
language learners.

Evaluation of the Effectiveness of AI-Based Learning Tools

Evaluating Al-based learning tools is essential to ensure their quality and effectiveness. Various factors
are considered, such as accuracy, adaptability, user engagement, and learning outcomes.

Al tools are assessed based on how well they improve language skills like reading, writing, speaking, and
listening. Performance tracking systems record learner progress and provide detailed feedback. This helps
both learners and educators understand strengths and weaknesses.

User satisfaction is another important factor. If learners find the tools easy to use and helpful, it indicates
effectiveness. Studies show that Al-based tools often increase motivation and make learning more
interactive.

In summary, proper evaluation ensures that Al tools deliver meaningful and measurable improvements in
language learning.

Enhancing Personalized Learning Experiences

Personalization is one of the key advantages of Al in education. Al systems analyze individual learning
styles, preferences, and performance to provide customized learning experiences.

Personalized learning platforms recommend suitable lessons, exercises, and study materials based on the
learner’s level. They also adjust the pace of learning, allowing students to progress according to their
ability. This reduces stress and improves understanding.

Recommendation algorithms and data analytics play a major role in personalization. They ensure that
each learner receives relevant and targeted content. This approach increases engagement, motivation, and
overall learning efficiency.
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Therefore, Al-driven personalization creates a flexible and supportive learning environment, making
education more effective and inclusive.
The integration of Artificial Intelligence and mathematical techniques has greatly enhanced General
English learning systems. Al improves interaction and feedback, while mathematical models optimize
learning processes. Intelligent communication systems provide practical learning experiences, and Al
tools ensure measurable outcomes. Most importantly, personalized learning makes education more
effective by addressing individual needs. Together, these advancements are shaping the future of
language learning in a significant way.
4. Methodology
4.1 Data Collection
Data is collected from:

¢  Online learning platforms

¢ English language corpora

e Student performance records
4.2 Preprocessing

e Text cleaning and normalization

e Tokenization

e Removal of irrelevant data
4.3 Al Techniques Used

e Machine Learning (ML)

e Natural Language Processing (NLP)

e Deep Learning for speech and text analysis
4.4 Mathematical Models
Mathematical techniques used include:

e Probability models

e Statistical analysis

e  Optimization algorithms
Probability Model
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4.5 System Design
The system includes:

e Input module (text/speech)

e Processing module (Al algorithms)

e Output module (feedback and evaluation)
5. Al in General English Learning
Al enhances learning through:

e Intelligent tutoring systems

=0.68

e Grammar correction tools
e Vocabulary enhancement applications
Adaptive learning systems analyze user performance and adjust content accordingly, improving learning
outcomes.
6. Role of Applied Mathematics
Applied Mathematics supports:
e Data analysis and interpretation
e Pattern recognition
e Model optimization
Statistical measures help in evaluating learner progress and system performance.
7. Communication Systems and Al
Al-based communication systems include:
e Chatbots for conversational practice
e Speech recognition systems
e Language translation tools
These systems improve fluency and confidence in communication.
8. Results and Discussion
The integration of Al and mathematics results in:
e Improved learning efficiency
e Personalized education
e Better communication skills
Experimental observations indicate that Al-based systems outperform traditional methods in terms of
engagement and accuracy.
9. Applications
e E-learning platforms
o Virtual classrooms
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e Language training systems

¢ Educational mobile applications
10. Advantages

e Personalized learning experience

e Scalability and accessibility

e Real-time feedback

e Data-driven decision making
11. Limitations

e Dependence on data quality

e High computational requirements

e Limited resources for some languages
12. Future Scope

e Integration with virtual reality (VR)

e Advanced speech recognition systems

e Multilingual Al systems

e Improved adaptive learning algorithms
13. Conclusion
This study highlights the significant impact of integrating Artificial Intelligence and Applied Mathematics
in General English learning and communication systems. The combined approach provides efficient,
scalable, and personalized learning solutions. Al-driven systems, supported by mathematical models,
enhance language acquisition and communication skills, making them essential tools in modern
education.
The future of language learning lies in the continued development of intelligent, data-driven systems that
bridge the gap between traditional teaching methods and emerging technologies.
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Abstract
The mathematical foundations of contemporary electoral systems are examined in this essay. We expose
the intrinsic trade-offs between stability, fairness, and representativeness in social choice theory by
examining the mechanics of ranked-choice and proportional representation, modeling voter behavior
through spatial utility functions, and computing the statistical probability of individual decisiveness.
Keywords: Banzhaf Power Index, Pivot Probability, Ranked-Choice Voting (RCV), Arrow's
Impossibility Theorem, Electoral Mathematics, Proportional Representation, and Social Choice Theory.
1. Mathematical Analysis of Voting Methods
The goal of voting theory, also known as social choice theory, is to combine personal preferences into a
group decision. Arrow's Impossibility Theorem demonstrates that no rank-order voting system can be
created to concurrently meet a certain set of fairness requirements (Non-Dictatorship, Pareto Efficiency,
and Independence of Irrelevant Alternatives).
Ranked-Choice Voting (RCV)
Voters rate candidates according to their preferences in RCV. The candidate with the fewest votes is
eliminated and their votes are redistributed according to the next preference if no candidate receives a
majority of first-preference votes. This is an iterative procedure in mathematics.

o Let V be the set of voters and C be the set of candidates.

o Anelectionis a profile P = (r_1,r 2, ..., ¥r_n) where each r is a total ordering of C.

e RCV aims to find a Condorcet Winner—a candidate who would win a head-to-head match

against every other candidate—though RCV does not always guarantee this.

Proportional Representation (PR)
The goal of PR systems is to distribute legislative seats according to the total number of votes cast. The
D'Hondt Method, which employs a highest-averages formula, is a popular mathematical technique for
this:
quot={V}/{s + 1}
Where:

e Vs the total number of votes received by a party.

e s is the number of seats already allocated to that party.
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2. Spatial Modeling of Voter Preferences
Political beliefs are treated as points in a multi-dimensional Euclidean space (often a 1D left-right
spectrum or a 2D social-economic grid) in spatial modeling.
The Median Voter Theorem
Candidates will converge toward the "Median Voter" in a two-candidate system on a single-dimension
spectrum in order to increase their vote share. The negative squared distance is frequently used to depict a
voter's utility for a candidate at position x if they have an ideal point p:

Ui() = -||pi—x|I°
Candidates seek to choose x such that they maximize the number of voters for whom U (candidate}(X) >
U topponent} (¥)-

Multi-Dimensional Modeling

Modeling in Multiple Dimensions We employ Voronoi Diagrams to represent potential "territories" when

there are several issues at play (e.g., economy vs. social policy). Every voter backs the candidate whose

location in the n-dimensional space is closest to their ideal point in terms of both geography and

mathematics.

3. The Probability of a Decisive Vote

Determining the likelihood that a single vote will "pivot" the election—that is, break a tie—is the process

of calculating the "weight" of a single vote.The Banzhaf Power Index A voter's power in weighted voting

systems (such as the U.S. Electoral College) is determined not just by the number of votes they cast but

also by their potential to be the swing vote in a coalition that wins. For player I, the Banzhaf Index (3
B=n/ Y j=mi

Where n; is the number of "winning coalitions" in which player i is a critical member (meaning the

coalition would fail without them)

Pivot Probabilities in Large Populations

The likelihood that a single vote will be decisive P{pivot} in large-scale elections is minuscule. The

binomial distribution is used to describe the likelihood of a tie, which occurs only when a vote is decisive,

in a simplified two-candidate model with n voters, each of whom has a probability p of voting for

Candidate A:

P(tie) =~ e™Cr-"2 N([[n/2)

The Paradox of Voting arises when n increases and P(tie) approaches zero. This means that a completely

rational mathematical agent may decide not to vote if the cost of voting exceeds the expected benefit

(Benefit times P {pivot}).

4. Identified Research Gaps

Even if classical voting theory is strong, there are still several "mathematical frontiers" that need to be

addressed:
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Strategic Complexity in RCV: Although RCV is intended to lessen the "spoiler effect,” all non-
dictatorial voting systems are susceptible to strategic manipulation, according to the Gibbard-
Satterthwaite Theorem. The impact of "tactical ranking" (ranking a less-preferred candidate higher to
prevent a worse outcome) on the theoretical Condorcet efficiency in multi-candidate fields has not been
empirically modeled mathematically.

The "Curse of Dimensionality" in Spatial Modeling:Many models are either 1D or 2D. Nonetheless,
high-dimensional issue spaces (climate, economy, identity, etc.) are present in contemporary political
environments. It is necessary to investigate whether voter utility functions follow non-convex preference
distributions or stay Euclidean in higher dimensions.

Algorithmic Gerrymandering vs. Fairness: There is no mathematical agreement on the "optimal”
district form, but we can determine the Efficiency Gap to identify gerrymandering. There are research
gaps in developing self-correcting algorithms that strike a balance between proportional representation
and geometric compactness.

Dynamic Pivot Probabilities: Conventional pivot computations make the assumption that voter intent is
static. Research on how algorithmic feedback loops (social media) and real-time polling data can change
the P(tie) in the last 48 hours of an election and perhaps lead to "cascading" decisiveness is scarce.

5. Conclusion

Electoral mathematics demonstrates that the design of a system dictates its outcome as much as the voters'
intent. While we can optimize for proportionality or decisiveness, the inherent research gaps—particularly
regarding human strategy and high-dimensional complexity—suggest that the "perfect" mathematical
election remains an asymptotic goal rather than a current reality.
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Abstract

Data Science, Statistics, and Analytics are interconnected disciplines that play a vital role in extracting
meaningful insights from data in the modern digital era. With the rapid growth of big data, organizations
increasingly rely on these fields to enhance decision-making, improve efficiency, and drive innovation.
Statistics provides the theoretical and mathematical foundation for analyzing data, analytics focuses on
interpreting patterns and trends, and data science integrates both with computational tools, machine
learning techniques, and domain knowledge.

This paper examines the foundational concepts, interconnections, and applications of these three
disciplines. Using a qualitative and conceptual research approach, the study analyzes existing literature
and real-world applications across industries such as healthcare, finance, and business. The findings
reveal a strong interdependence among these fields, highlighting that their integration leads to more
accurate insights and better outcomes. The paper concludes that the combined use of data science,
statistics, and analytics is essential for addressing complex problems and achieving sustainable growth in
a data-driven world.

Keywords: data science, statistics, analytics, big data, machine learning

1. Introduction

The advancement of digital technologies has resulted in an exponential increase in data generation. From
social media interactions and online transactions to sensor data and mobile applications, vast amounts of
data are produced every second. This surge in data has created a need for specialized disciplines capable
of processing, analyzing, and interpreting information effectively.

Three key disciplines have emerged in response to this demand: statistics, analytics, and data science.
Although these fields share similarities, they differ in their scope and application. Statistics is the
traditional discipline that provides mathematical tools for data collection, analysis, and interpretation.
Analytics focuses on transforming raw data into meaningful insights, while data science integrates
statistical methods with programming, machine learning, and domain expertise.

The purpose of this paper is to explore the foundational principles of these disciplines, analyze their
interconnections, and examine their applications across various industries. Understanding how these
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fields complement each other is essential for organizations aiming to leverage data for strategic decision-
making.
2. Literature Review

The relationship between statistics, analytics, and data science has been widely explored in academic
research. Statistics has long been considered the backbone of data analysis, with its foundations rooted in
probability theory, hypothesis testing, and regression analysis. These techniques enable researchers to
make inferences and predictions based on data.

Analytics has evolved significantly over time, particularly in the context of business intelligence.
Researchers categorize analytics into three main types: descriptive analytics, which explains past events;
predictive analytics, which forecasts future outcomes; and prescriptive analytics, which recommends
actions based on data insights.

Data science has emerged as a multidisciplinary field that combines statistics, computer science, and
domain knowledge. It incorporates machine learning algorithms, data mining techniques, and big data
technologies to handle complex datasets. Scholars emphasize that data science extends beyond traditional
analysis by enabling automation and scalability.

Several studies highlight the importance of integrating these disciplines. For instance, statistical methods
ensure the accuracy and validity of results, while analytics enhances interpretability. Data science
provides the tools and infrastructure needed to process large volumes of data efficiently. The literature
consistently demonstrates that the combination of these fields leads to improved performance and
innovation.

3. Methodology

This study adopts a qualitative research approach, focusing on conceptual analysis and case-based

evaluation.

3.1 Data Collection

The research relies on secondary data sources, including:
Academic journals and research papers

Books on statistics and data science

Industry reports and online publications

Case studies from various sectors

These sources provide a comprehensive understanding of the theoretical and practical aspects of the
disciplines.

3.2 Analysis Method

The study uses the following methods:

Comparative analysis to examine differences and similarities
Conceptual analysis to understand relationships

Case study analysis to explore real-world applications
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3.3 Research Framework

The research is structured around three dimensions:

Foundational concepts

Interconnections

Applications

4. Results

The analysis reveals several key findings regarding the relationship between data science, statistics, and
analytics.

4.1 Interdependence

The three disciplines are highly interconnected and often used together in practice. Statistics provides the
theoretical foundation, analytics interprets the data, and data science integrates tools and techniques to
implement solutions.

4.2 Role Differentiation

Each discipline plays a distinct role:

Statistics focuses on mathematical modeling and inference

Analytics emphasizes data interpretation and insights

Data science combines programming, machine learning, and statistics

4.3 Industry Applications

These fields are widely used across industries:

Healthcare: disease prediction and patient analysis

Finance: risk management and fraud detection

Marketing: customer segmentation and personalization

Education: performance tracking and adaptive learning

4.4 Technological Integration

Modern tools enhance these disciplines:

Programming languages such as Python and R

Machine learning frameworks

Data visualization tools

Big data platforms

5. Discussion

The findings emphasize that integrating data science, statistics, and analytics is essential for effective data
analysis. Statistics ensures accuracy and reliability, analytics provides meaningful interpretation, and data
science enables scalability and automation.

In healthcare, statistical models analyze patient data, analytics identifies disease trends, and data science
predicts outcomes using machine learning. In finance, analytics detects patterns, statistics evaluates risks,
and data science builds predictive models.
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Despite their advantages, challenges remain. Data privacy concerns require strict regulations to protect
sensitive information. Data quality issues can lead to inaccurate results, and the shortage of skilled
professionals limits the effective implementation of these technologies.

Future developments in artificial intelligence and big data technologies are expected to further enhance
these disciplines. Automation and real-time analytics will play a significant role in shaping the future of
data-driven decision-making.

6. Conclusion

Data Science, Statistics, and Analytics are fundamental to modern data-driven systems. Each discipline
contributes uniquely, but their integration is what enables organizations to transform raw data into
actionable insights.

This study concludes that the combined application of these fields improves decision-making, enhances
efficiency, and drives innovation. As data continues to grow in volume and complexity, the importance of
these disciplines will only increase.

Organizations that effectively leverage these fields will gain a significant competitive advantage in the
future.
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Abstract
The model of current flow is set up to investigate the properties of mass and transmission of heat via a
viscous fluid traveling over a permeable radiative expanded exterior model in a time-dependent bio-
convection slip pour. Along with emission and speed slip, the beginning of bio-thermal convection within
a suspended matter of nanoparticles and gyrotactic bacteria is considered. In this investigation R-K fourth
order shooting technique is utilised. In this analysis, the Cattaneo-Chrystov model is introduced.
Additionally, the combined impacts of the mass suction, heat source, and aligned magnetic field on the
boundary are included in the current model. The local concentration of mobile microorganisms decreases
as the stretching parameter and bio-convection Schmidt both improve. The concentration ¢@(n) gets

stronger, and when Sc values increase, it decreases. The concentration of microorganism h(n)is

strengthened by increasing angle B, but it is diminished by increasing Pe, S and Sc, respectively. Even
if the rate of temperature transmission (Vi) is maximal for positive values of A relative to negative

values, the friction drags (C ) are more powerful for negative values of A than for positive values of A.

Keywords: Cattaneo-Chrystov; Brownian motion; thermophoresis; viscous fluid; speed slip; bio-thermal
convection.

INTRODUCTION

Due to the microorganism’s stratification of varying densities, bio-convection occurs once they
have assembled in the liquid's highest portion. In this manner, microorganisms are produced by
bioconvection feathers and are transported from the fluid's uppermost region to its lowermost portion due
to a difference in density. Turbines, geophysical fluid dynamics, nuclear power plants, computer disc
drives, and gasses, MHD power plants, flow meters and other equipment all utilizing rotating flow disc
magnetohydrodynamic liquid flow. Surfaces utilized in electrochemistry are coated with optical and
electrical materials using reactors for chemical vapor deposition featuring a revolving disc flow. These
effective reactors require laminar gas pour near the top for further deposition. The breakdown of the
laminar border line sheet, absolute instability, and straight spatial and chronological timbre are all
investigated in this work. Mahmood et al.[1] deliberates the entropy creation phenomenon for a This
paper will provide a complete examination of 3-dimensional way of MHD stagnation point pour across a
stretched surface with nonlinear thermal radiation. The present study examines the Anisotropic slip
properties of carbon nanotubes in suspension will be investigated using a nanofluid. Hamza et al.[2]
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illustrated the-time-dependent mixed convection flow in a vertical duct involving an heat releasing
liquidas influenced by MHD. Navier's slip conditions and convective heating are carrying into
account. Syed Tauseef et al.[3] deliberates the Buongiorno's model is employ to demonstrate the mass and
heat transport of a nanofluid waving in excess of a quickly moving flat shield. Since the results of
thermophoresis and Brownian motion on the volume fraction of nanoparticles are passively rather than
actively regulated at the boundary, this study differs from some of the earlier investigations. Tousif Iqra et
al. [4] illustrates the ensuing temporary rotating gadget in boundary level layer flow caused by thelinear
convective instability for a forced axial flow in isotropic and anisotropic surface roughness with nanofluid
MHD. Saquib Ul Zaman et al. [5] described MHD and radiation attacks in the Williamson nanofluid wave
flow through a thin cylinder. Various assumptions about density, viscosity, , and thermal conductivity are
used to analyse the mass and heat transport. Xiyan Tian et al.[6] deliberates the unique qualities of
magnetohydrodynamic (MHD) micropolar fluid include lightness, heat, magnetic characteristics, and
more. It has a great deal of application. A micropolar fluid is used to explore the properties of mass,
heatand flow convert in an MHD micropolar nanofluid border line sheet beyond a exordinary expanding
shield. Munirah Aali Alotaibi and Shreen El-Sapa [7] illustrated, the steady state pour of an Constant
density flow pair pressure liquid inside of analytically studying two spheres that are inside each other.
analysed un this paper. Translation proceeds at a constant speed outside the solid sphere and at a uniform
speed inside. Esraa et al.[8] deliberates the Industrial perspectives on the pour behaviour of non-
Newtonian liquids. Non-Newtonian liquids are necessary for a variety of Industrial along with technical
procedures along with making polymer pages producing paper and making photographic films.

Salahuddin [9] illustrated the incompressible, two-dimensional Williamson fluid magnetohydrodynamic
flow across a stretched sheet. Double Stratification and thickening due to friction are considered account
while analysing the Cattaneo-Christov warmth and attentiveness pour. Chen et al.[10] discussed the
manipulate of the induced attractive meadow (IMF) and Cattaneo-Christov duel diffusion on a Maxwell
ternary flow nanofluid flow at its stagnation point. Superior massand heat transport of Maxwell ternary
nanofluid mixed with duel dispersal and IMF is studied using a original border line constitution through
the obnormal attractive reactance. Felipe Angeles[11] illustrated the heat flux's objective Cattaneo-type
extension coupled to the space time equations of motion of a viscous compressible fluid. The quasilinear
version of these equations is used to determine which of the provided heat flux formulations permits the
hyperbolicity of the system. For the Cauchy issue of such a framework of equations to be considered
physically acceptable, this property is required .Hussain et al. [12] deliberates the There are numerous
industrial and technological applications for bioconvection utilising nanomaterials. Modern nanofluids
provide a dynamic means of shedding light on industrial and engineering issues pertaining to heat
transport systems. Because mass remodelling and collaboration are becoming more commonplace in
various microsystems, bioconvection finds several uses in bio-micro-systems. The astonishing and
fascinating trend known as bioconvection is caused by the hydrodynamic instability of the microbes in the
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medium, which causes the microorganisms to rotate and increase the fluid's density [13], [14], [15], [16],
[17].Nisar et al.[18] deliberates the MHD Considering gyrotactic bacteria, the bioconvection peristaltic
activity of Sisko nanofluid is examined. Flexible conduitis subjected to partial slip characteristics.In their
discussion of the crown cavity's modified nanoliquid flow mediated by bioconvection (Cu—Al203-Ti02)
and H20.Rashid et al. [19] take into account the influence of gyrotactic microorganisms. A modified
nonliquid, oxytactic bacteria, and a square obstruction are present in the crown cavity where the
bioconvection flow is studied.Riaz Khan et al.[20] deliberates the A model of a porous radiative stretched
surface is used to study the concentration and temperature transmission via a viscous nanofluid in a Time-
dependent slip flow of bioconvection. The beginning of a suspension's bio-thermal convection include
radiation and velocity slip, as well as gyrotactic bacteria and nanoparticles. Rao et al. [21] deliberates the
Fluid velocity is deprecated by the porosity coefficient and Forchheimer numbers, while fluid temperature
is improved by the Eckert number and concentration decreases with increasing chemical reaction
coefficient. Faisal Shah et al. [22] Peristaltic transport of nanofluid with temperature dependent thermal
conductivity: a numerical study. Faisal Shah et al. [23] illustrates Non-similar analysis of the Cattaneo-
Christov model in MHD second-grade nanofluid flow with Soret and Dufour effects. Faisal Shah et al.
[24] illustrates Nonclassical Transport Laws in Third-Grade Nanoliquid Flow on a Stretchable Surface: A
Novel Approach Incorporating Soret and Dufour Effects. Faisal Shah et al. [25] describes Entropy
optimization in a fourth grade nanofluid flow over a stretchable Riga wall with thermal radiation and
viscous dissipation, International Communications in Heat and Mass Transfer. Faisal Shah et al. [26]
illustrates Modeling and computational analysis of 3D radiative stagnation point flow of Darcy-
Forchheimer subject to suction/injection, Computer Methods and Programs in Biomedicine. Faisal Shah
et al. [27] illustrates Heat transfer analysis on MHD flow over a stretchable Riga wall considering
Entropy generation rate: A numerical study. Faisal Shah et al. [28] describes Analytical investigation on
the combined impacts of the Soret and Dufour phenomenon in the forced convective flow of a non-
Newtonian nanofluid by the movable Riga device. Faisal Shah et al. [29] illustrates Non-similar analysis
of two-phase hybrid nanofluid flow with Cattaneo-Christov heat flux model: a computational study.
M. Jjaz Khan et al. [30] describes First order chemical reaction response in mixed convective Falkner-
Skan Sutterby fluid with Cattaneo-Christov heat and mass flux model. The surface friction drag is found
to be deprecated by the Weissenberg and Forchheimer values. The mass transfer rate is significantly
positively correlated with the Schmidt coefficent and chemical reaction.

Considering the aforementioned fascinating uses of microorganisms and Cattaneo-Chrystov heat
flux, this revise observes the mass and temperature transport analysis of a viscous liquid in an uneven
state. MHD bio-convection trip sequence flow over a porous radiative stretching surface that is affected
by both the heat and mass suction.The study's primary goal, improving the thermal profile, is achieved by
the use of nanoparticles, while gyrotactic microorganisms produce bio-convection to enhance mass
transfer. Using MATLAB's bvp4c approach, the following nonlinear ODEs have been numerically
solved. The current unstable flow issue caused by radiation, porosity effects, convective mass and heat
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transfer, and velocity slip is entirely new and has not been treated previously, according to the authors'
literature survey. Also taken into consideration is the possibility of a attractive behaviour meadow around
the temperature resource, which improves the literature's accuracy. This fascinating breakthrough could
be applied to better heat transmission and the production of electro-conductive machinery. Graphic
representations of the results are provided for temperature, velocity, concentration of nanoparticles,
friction drag, rate of temperature transportation, local Sherwood coefficient, and thickness of motile
microbes.Engineering thermal processes and industrial settings involving heat transfer can benefit from
the theoretical understandings gathered from this study. The results that have been presented have
possible nodes in the fields of solar systems, temperature machines, energy generation, mechanized
procedure, and heating and cooling processes.

5. Mathematical Formulation
We study the time-dependent, viscous two-dimensional bio-convection slip flow across a
absorbent radiative extended exterior at the origin (x = 0, y = 0), as exposed graphically in Figure 1.The
exordinary sheet is positioned close to the horizontal-axis, and the verticle-axis capturedat right angles to
the sheet. An intensity-dependent time-aligned attractive flux is

B(t) =

— about an acute angle [ governs the electrically conductive nanofluid. Additionallythe

0
(I-€¢)

surface and stream free velocities are thought to be shifting from a stagnation point, which is described as
ax

U, (x,t ) = 7 and U, (x,t ) = 1 , where €, aandb are positive constants with the proportion of
—€t —€t
-1 . — . . . ou
t . The term s illustrates the initial stretching and the stretching's effective rate. The term 8_ and
v, (x,t ) =— are independently altered to show the suction and slide velocities. The sheet's

Jl-€et

radiative heat flux g, is taken into accountand coefficient of internal heat generation Q, =

2

, where

0, symbolises the heat source's initial value (heat generation coefficient). The governing constitutions of

the boundary layer flow have been determined as [20] after taking into account the previously described
circumstances.
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n=n, \

Ou
u—U +L5 n:noo
or
—k, 5_h(T -7) " U
C.T. ¢
oc
- Ba_hf(cf © Hig.1 S¢hématic diagram
ou oOv
—+—=0,(1)
ox Oy "
2 2
ou_  ou 8_: ‘l’E 2 i’ pu, 2)
ot Oox oy oy L »)
2
8T 8T OT k 872’_ 1 6qr+ 0, T—T )+
ERRCE oy (pCp), & (pCp), &y (pCp),
2 2 2
u26€+vza€+2uvaT+ua—u@—T ®)
2 ox oy oyox  Ox Ox
5v8T+ 8u8T+ ovor
ox Oy oy Ox 6y 8y
2
5_C+ 8C+va—C:DMa—€+DTa—7;—KC(C—Cw) 4
o ox oy oy
8_n+u8_n+v8_n:_ W, i( 6_Cj+Dm82_721 Q)
or ax oy C,—C,ov\ oy Ay

The planned border line constitutions for the above prototype are explained as [20].

”ZUW(XJ)JrLa—u»V:Vw(xaf)a—KaT—h(T ~T),—Dy— oc =h(C,—C),n=naty=0
oy oy oy

u—->U,(x,t),T >T,,C—>C, ,n—>nasy—>o (6)
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Equations (2)—(6) above, K = k,(1— €¢) defines the permeability of a porous media, where kl denotes
the permeability The terms ¢, O 50,5 k,C s ( pC p) s ( ,OC p) ro DT,Db, Dm R VVC, c accordingly refers

to the maximum swimming cell speed, the ability of bacteria to diffuse

, the viscosity of the fluid in which the nanoparticles and microorganisms are suspended, density, detailed
temperature, temperature capability of the nanoparticles,, thermal conductivity , electrical conductivity
coefficient, and fluid heat capacity.furthermore, 7', C with 7 symbolized the warmth, the attentiveness,

with the density of microorganisms, respectively. These 7', C, and 1 are illustrated away from the wall,
they are T, o COO , 1 respectively. The velocity's slip factor is shown by L = A+/1— € The surface has

a temperature of 1, ,» because the third border line circumstance, which as well specifies the temperature

transport coefficient /1, , causes hot fluid to convect If one ignores viscous dissipation, then the term

&

~166'T> 0T S . \
q, = ———+ ——-is produced when the Rosseland approximation is taken into account, where &
3k oy
and k stand for the Stefan-Boltzmann stable as well as the mean amalgamation coefficient,
correspondingly. It is necessary to take into account the warmth differential in the pour inner in a way that
T* allows Taylor's series to be expanded 7 o -
Leaving out the higher order words, we are attainment T* ~4T.T 30 T ,Accordingly, we can get

_-160'T’ OT

q, —.Thus Eqn. (3) becomes
3k Oy
2 *m3 A2
6_T+u6_T+v8_T: i 8]2"+ ! 160*7;872“+ < (T-T,)+
o ox oy (pCp), oy (pCp), 3k oy (pCp),
2 2 2
u28_72"+V2872"+2uv8T+u8_u8_T (7
ox oy Oyox  Ox Ox

A aver  awer  aver

u u +v
ox Oy oy Ox Oy Oy
The kindred foru,v,T,C,n are known through
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u:UW:L,VZVW;—V T =T + TLZ,CWZCMFCOb—xz,
(I-€1) Jl-€et 2v,(I-€1) 2v,(I-€1)
bx bx
n,=n,+n,

———.u=U,=
2v,(I-€1) (1I-€1)

®)
Where a,b, E,]I),Co,no are constants

We know the introduce different similarity variables are:

bx bx
4’(1_ xf(n),n= 4/ T, 2 (1_ e o(n),C=C,+C, W(D(U)a

= T h(m)

)
The velocity constitutions are given by

bx \ _
u—(l_et)f(n),v— */(1— )f(n) (10)

Considering the relationships between equations (9) and (10), (1)—(7) becomes

f“'—(f')2+ﬁ”"—A(gf"+f'J—%f'—M2 sin® Bf'=0 (11)

(1+gRdj@"+Pr{f&'—f'@—g(n0'+46’)+Q6?}+

(12)
S =1 0= f"0)=0
0"+ ScSro"+ Se(fo'— o ) —g(ngm 40)=0 (13)
W'+ Sh(fh'— hf") - §Sb(nh '+ 47) — Pe(@'h'+ hp") =0 (14)

The following dimensionless boundary conditions can be created by transforming the boundary
conditions (6):
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J1'0) =4 +4,1%0), £(0)=S,60'0) =-Bi(1-6(0)),'(0) = =Nd (1= 9(0)), (15,
h(0) =1, f'(7) =1,0(17) = 0,9(17) = 0, h(77) = Oasn — o

o, B’
In the formulas above M? =—L2 identifies the hatmann number,
bp,
bk Kk k(l-et €
D=Da Re =—,Da_= —= 1(—2) illustrates darcy coefficient, 4 = Z deliberates unsteadiness
% b X
S

%3
1%
coefficient, Rd Zﬁdeliberates the radiation coefficient, Prz—fsigniﬁes prandtl number,

U 1%
5, =M —, 0= A signifies heat source parameter, Sc = L similarly represents Schmidt number,
\% b(pc,) Dy
vV ) ) ) ) bW D
Sb = ——represent bio convection schmidt coefficient, Pe = —S - represents the Peclet coeffient,
n Vi
v, . . _ b . . .
S = r > 0 symbolized the suction coefficient, 4, =— symbolized the expanding coefficient,
bv a
S

b . . . . hf Vs ) . h r
A, = L |— signifies speed slide parameter, Bi =——,|—— symbolized Biot component, N, = —-, [~
v, k\b D, \' b

symbolized convection dispersal constraint,

The researchers have defined the skin friction coefficient local Nusselt number Sherwood number and
local density number of moving microorganisms.

T s e ]
A 7pr§} kj(Tf_Too) (Cw_coc) 6_)/ y=0

2 (16)

el
-\,

where 7 deliberates local wall shear stress, g, is illustrate local temperature flux, ¢, is the mass flux

coefficient and ¢, is the microorganism coefficient flux, This can be shown as.
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ou
= ﬂ@

eft
B (S e NG

Utilising the unpredictable listed in Equations 9 as well as 10, system (16) as well as (17) together yield
system (18), as shown below.

C,.=Re.C, = /(0),

or x|

=0 w:_k_ = + " w’Sh:_— £l
beas =~k 0 44 (cw—cw)(aylo
(17)

Nu 4
Nu, = = —(1+ = Rd)0'(0),
u, \/a (+3 )6'(0)
Sh (18)
Sh. = =—¢'(0),
Nn, = _ o)

€

H

U2
In (18) Re = —= represents the local Reynolds number

av,
6. Numerical Solution
In this partthe non-linear ordinary differential equations (11) to (14) with respectto the border line
circumstances (15) is The problem was solved by using the R-K method with MATLAB software.
This process engages changing a border line value problem into an preliminary value problem.

f=vf =vf =y

n 1 )
S/ :(y2)2 Wt A(E% +y2)+5y2 + M Sin’ By,

(19)
(9:)/49‘9':))5
.. 1 4 i
0 = | =Pry frs = yav = s+ 400 + Oy | = (37 = 3y = vy
(1+§Rd)

(20)
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b=Yeb =¥,

" " A
¢ ==ScSr 0 —Sc(y,y; —Vey,) + 5(77% +4y,)

(21)
h :ygah' =V

] A
h ==Sb(y,ys — ¥s¥,) +5Sb(77y9 +4y,)+ Pe(y,y, + yyp)

The suitable boundary conditions are:

Yy =4+ Ay, =8,y ==Bi(l=y,),y; ==Nd(1=y,) at n -0
(23)
Vs :>1’y2 :>19y4 :>O,y6 — 0 at n—©

To solve the equations (19)-(22) we have used the values of y,,ys and Yy, which are not given at the

initial conditions. So later finding the initial conditions are integrated by using R-K method with the
successive iterative step length is 0.01.

Validation of results
To ensure the quality and dependability of the results, it is crucial to verify them in contrast to established
remedies or experimental findings once the bvp4c solver has converged. In order to increase trust within
the numerical solution and make sure it correctly depicts the physical system that is being investigated,
this validation step is essential. In Table 1, which compares the current work to Rao et al. [21], the
validation is displayed.
7. Results and Discussion

In this part, we've used the MATLAB built-in package bvp4c to provide the graphical outcomes
of constitutions 11-14 along with the boundary circumstances (15). The results obtained were verified by
contrasting them with the published findings of other publications in the books; the validation is displayed
in Table 1. Fig. 2 shows the result in response to the velocity profile's increase. The result is two graphs,
one showing the existence of the slip condition and the other not. An rise in A1 indicates greater stretching
along the x axis, which causes a rise in. Because the enlarge lessens the thick effect on the pour, the
momentum boundary layer's thickness diminishes and increases as a result. Fig. 3 discusses the effect of
the magnetic field's angle of inclination on demonstrating a diminishing effect. This is because a higher
angle of inclination results in a greater at right angles power acting on the nanofluid pour, which in turn
lowers the swiftness. As seen in Fig. 4, an raises in the magnetic field constraint also results in a reduces
in fluid flow. It occurs as a result of developing Lorentz forces, which create confrontation to the fluid's
speed. The injecting effect is indicated by the suction parameter's positive values. As seen in Fig. 5, the
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nanofluid pours quicker and through an enhanced speed as a result of this inserting power in the way of
the pour. Furthermore, we can observe that the border thickness is lower for Figs. 2 and 5, but larger for
Figs. 3 and 4. In contrast, it is more in the lack of a slip situation as well as less in the occurrence of one.
As a result, when the velocity slip parameter rises, the flow resistance falls and increases, lowering the

skin friction coefficient. The collision of non-dimensional temperature recreation time constraint (0, )

observed on Fig. 6 through enhancing values of outcome is reduced. The Biot number ( Bi),This is

intimately connected to the coefficient of temperature transport,is the result of convective heat transfer.
Therefore, as appears in Fig. 7, a go up in also results in an uplifted in the coefficient of temperature
transmission, which raises the warmth. Fig. 8 deliberates the collision of the Prandtl number on the
activation. We recognised in the portrait that the portraits are enhanced with the enhancing values of the
Prandtl number. It is also recognised in this plot that the portraits diminished with diminishing values of
extending parameter. Figure 9 shows that when the number of Peclets increases, the cells begin to move
more quickly, increasing the density of the material. As demonstrated in Fig. 10, the density of the
microorganisms decreases dramatically when the diffusivity is inversely related to the Schmidt
coefficient.It has been discovered that when slip effects are present, microbe concentrations are produced
at greater levels but when they are absent, microorganism concentrations are minimised. Results were
obtained for values of both the same and opposite .The pattern of for the optimistic outcomes of 4= 2.5
is shown by the Red row, while the outline for the negative values of 4= 2.5 is shown by the green line.
It is evident from the two scenarios that is more potent for negative values of .Furthermore, as can be
observed in Figs. 11 loses power as improves . Similarly, Nu correspondingly decreases as well as
grows through the enhancement of as seen in Fig. 12. The reason for this is that it lessens the gradient in
surface temperature diminished and respectively, improve, as seen in Fig 13. It is evident from the two
scenarios that has greater power for A's negative values than for its positive values. Additionally, when A
is present, Nn is greater for the insignificant slip effect and less for the strong slip effects ,negative, even
if the positive values of A show the opposite behaviour.
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Table:1 Comparison of skin friction coefficient values - f"(0)with previous results
Riaz Khan et al. [20] Rao et al.[21] Present
1 1.000102 1.000554
1.000000
2 1.522235 1.522729 1.570098
3 1.923655 1.923612 1.981134
4 2.260669 2.260783 2.312245

Table:2 Computed values for skin friction coefficient, Nusselt number and Sherwood number for a

variety of values of the important governing constraints

A | M

R
d

Pr

QS |Sc|Sr |S
b

Pe

A

A, | Bi [N

—£"(0

~0'(0) ~4'(0)

—1'(0)

0.2882
5

0.1200 | 0.1820
3 5

0.1657
8

0.2995
0

0.1283 | 0.1830
8 5

0.1662
7

0.3001
2

0.1598 | 0.1833
6 0

0.1665
9

0.5547
8

0.1123 | 0.1838
3 6

0.1667
8

0.6080
7

0.1012 | 0.1838
5 6

0.1673
9

© ol olu o

0.6281
4

0.0987 | 0.1838
2 6

0.1678
9

0.3222
4

0.0509 | 0.2050
8 8

0.1683
4

0.3814
8

0.1087 | 0.2050
5 8

0.1687
8

0.4010
8

0.1560 | 0.2050
5 9

0.1694
5

0.1937
5

0.1000 | 0.1836
4 5

0.1699
3

0.1937
5

0.0987 | 0.1836
4 5

0.1715
2

—|o oju o

0.1937

0.0889 | 0.1836

0.1719
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5

2

6

1

0.2737
5

0.1578
3

0.2024
3

0.1725
6

0.2837
5

0.1680
7

0.3015
6

0.1749
9

® ol ol o

0.3000
1

0.1888
0

0.3512
8

0.1745
0

0.2882
5

0.1200
3

0.1820
5

0.1754
1

0.2882
5

0.1100
4

0.1568
2

0.1761
0

o —~lunolwo

0.2882
5

0.1000
6

0.1008
9

0.1769
0

0.6325
5

0.1930
7

0.5713
7

0.1789
0

0.6310
0

0.2000
1

0.5714
8

0.1799
9

0.6300
0

0.2150
6

0.5810
0

0.1800
0

0.0

0.2882
9

0.1213
8

0.1830
5

0.1812
3

0.5

0.2883
0

0.1100
3

0.1730
6

0.1823
1

1.0

0.2883
1

0.1000
4

0.1500
7

0.1835
1

0.6295
3

0.2004
3

0.5479
2

0.1845
6

0.6100
0

0.1889
4

0.5500
8

0.1879
8

0.6000
1

0.1680
0

0.5800
1

0.1885
9

0.6465
1

0.1579
2

0.5980
8

0.1889
9

0.6465
1

0.1689
2

0.5123
4

0.1915
0

—|o o|lun o

0.6465

0.2008

0.5012

0.1928
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5 1 1 3 9

0.6500 | 0.1200 | 0.1810 | 0.1935
1 1 1 4

0.6524 | 0.1200 | 0.1820 | 0.1954
1 3 5 7

0.6529 | 0.1283 | 0.1830 | 0.1967
1 8 5 8

N~ ol o

0.3001 | 0.1598 | 0.1833 | 0.1976
2 6 0 4

0.5547 | 0.1123 | 0.1838 | 0.1983
8 3 6 7

0.6080 | 0.1012 | 0.1838 | 0.1989
7 5 6 4

0.6281 | 0.0987 | 0.1838 | 0.2000
4 2 6 1

0.3222 | 0.0509 | 0.2050 | 0.2045
4 8 8 3

0.3814 | 0.1087 | 0.2050 | 0.2236
8 5 8 4

wNlw o N

0.4010 | 0.1560 | 0.2050 | 0.2346
8 5 9 2

0.1937 | 0.1000 | 0.1836 | 0.2786
5 4 5 3

0.1937 | 0.0987 | 0.1836 | 0.2874
5 4 5 3

- =|luo|v o

8. Conclusion

+ The velocity f'(77) increases as A, and S accumulate, but it decreases as B and M scale up,

respectively.
*  The 6(n) shoot ups with the collective values of , O as well as S respectively.
* The concentration @(n) gets stronger, and when Sc values increase, it decreases.

» The concentration of microorganism h(?])is strengthened by increasing angle B, but it is

diminished by increasing Pe, Sh and Sc, respectively.
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» Even if the rate of temperature transmission ( NVu ) is maximal for positive values of A relative to

negative values, the friction drags (C ) are more powerful for negative values of A than for

positive values of 4 .
«  While Nn decreases with the development of A, and Sb, respectively, the Sherwood number Sh
is magnified by the improvement of both Nd and Sc.
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Nomenclature

A Unsteadiness coefficient
B(t)  Time aligned attractive flux
Bi  Biot Component

C Concentration

C fx Skinfriction number

C, Ambient concentration
C » Specific heat

D, Dax Darcy Coefficient
h r Heat transfer coefficient

K Permability of porous media

K | Permability

L Viscosity ship factor

Md  Convection diffusion parameter
M?  Hartmann number

Nnx Micro organism coefficient
Nux Nusselt number

Pe  Peclet number

Pr Prandtl number
gm  Mass flux

qn Micro organism coefficient

gw  Local heat flux
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qr Rosseland approximate
Q heat source parameter
0, heat source initial value
Rd  Radiation coefficient

S Suction coefficient

Sb Schmidt coefficient

Sc Schmidt number

Shx  Shearwood number
t time

T Temperature
T Wall temperature

T Ambient temperature
u,v  Velocity components
U, (x, y) Stagnation point
V (x) Slide velocity

We  Electric conductivity coefficient
Greek Symbols
Acute angle

NN

| Stretching coefficient

/12 Velocity ship parameter
o Thermal conductivity
Stefan boltzman constant

(o}
K Mean absorption coefficient
ou Heat source parameter
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